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Now let  us return to Eq.  (17)  and consider  the case of  resonance,  where o:  a0,
that is, the fre quency of the forcing function is the sarne as the naturarl frequency of thc
syslem. Then the nonhomogencous term F1i  cos ar l  is  a solut ion of  the homogeneous
equat ion.  In  th is  case the solut ion of  Eq.  (17)  is

r./ : cl cos (t)01 + cisin ro11l 1 +I sitt rtr11/
/"mDi

(24)

Because o1 the term t sin rosl, the solution (24) predicts that the motion wil l become
unboundccl  as 1 + oo regardless o l  the vulues o l ' r '1  and cr ,  See Figure 3.8. f i  for  a
tl,pical example. Of coursc. in reality. unbounded oscil lations do not occur. As soon
as r r  becomes largc,  the mathemat ica l  model  on which Eq.  (  l7)  is  based is  no longer
val id .  s incc thc assurnpt ion that  thc spr ing forcc dcpcnds l incar ly  on the d isplacentent
requi res that  r r  bc smal l .  As we have sccn.  i f  damping is  inc luded in the mocle l ,  the
predicted motior-l remains bounded: however. the response to the input function
I:1; ci)srr.r/ nray be quitc largc i l ' thc darnping is srnall and ro is cktsc to a.r11.

PROBTEMSl r r  each o l  l ) ro t r l cn ts  I  th roug l r  4  wr i tc  thc  g ivcn  cxprcss ion  as  a  p roduc t  o l  two t r igonor le t r i c
func l ions  o [  d i f fe ren t  i reuucnc ies .

1. cos 9t - cos 7t

3 .  cos  z /  *  cos  2r t

2.  s in 7t  -  s in 6t
4 .  s i n 3 t  1 s i n 4 l

6{t

xc.)\trl v

.5. A ntass wciglt ing 4 lb slrctches a spring l .-5 in. 
' l 'hc 

nrass is cl isplaccd ? in. in thc posit ivc
d i rcc l ion  l ronr  i t s  equ i l ib r ium pos i t ion  anc l  re lcased w i th  no  in i t ia l  vc loc i ty .  Assuming
thal there is no damping and that the mass is actcd on by an cxtcrnal f  orce ol 2 cos 3t lb,
lo rn ru la tc  the  in i t ia l  va luc  p rob lcn t  descr i t r ing  the  n to t ion  o l ' the  nrass .

6. A mass of -5 kg slrt : lches a spring l0 cm. The nrass is acted on hy an cxtcrnal l 'orcc o[
l0s in ( t /2 )  N (newtons)  and moves in  a  med ium tha l  impar ts  a  v iscous  fo rce  o{  2  N when
thc  spec t l  o l ' thc  n rass  is  z1  cnr /s .  I I  the  nrass  is  sc t  in  n ro t ion  l ' ro rn  i t s  ec ;u i l ib r iu rn  pos i t ion
with an init ial  velocitv of 3 cm/s, formulatc the init ial  value problen.r ciescribing the motion
ol thc nrass.

7. (a) Fincl lhe solut iorr of l ' rohle rn .5.

(b) Plot the graph of the solut ion.

(c) I1 the given external lorce is replaced by a l 'orce 4 sin <at ol frequency o, { ind the value
ol 'r l  tor which res<lnancc ()ccurs.

8 .  (a )  F ind  the  so lu t ion  o f  the  in i t ia l  va lue  prob lc rn  in  Prob le  m 6 .

(b) Identi fv the transient and steady state parts of the solut ion.

(c) Plot the graph of the steady state solut ion.

(d) l l  thc givcn extcrnit l  {orcc is rcplacccl by a forcc of 2cosr.- l t  c) l  l ' requencv ar, f ind thc
value of o for which the ampli tude of the forced response is maximum.

9. I f  an undamped spring-mass system with a mass that weighs 6 lb and a spring constanl
I  lb / in  i s  sudden ly  se t  in  rno t ion  a t  / :0  by  an  ex le rna l  fo rcc  o1 '4cos7 l  lb ,de termine the
posit ion of thc mass at any t ime and draw a graph of the displacement versus l .

10. A mass that weighs 8 lb stretches a spring 6 in. The system is acted on by an external force
o1 ' l i  s in f i t  lb .  l l the  mass  is  pu l l cd  down 3  in  and thcn  re lcascd,de termine the  pos i t ion  o f

:: :J^tt  
at any t ime. Determinc the f irst four t imcs at which the velocitv of the mass is
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A spring is stretched 6 in by a mass that weighs 8 lb. The mass is attached to a dashpol
mechanism that has a damping constant of 0.25 lb.s/f t  and is acted on by an external forcc
of 4 cos 2l lb.

(a) Determine the steady state response of this system.

(b) I l  the given mass is replaced by a mass nz, determine the value of rz for which thc
ampli tude of the steady state response is maximum.

A spring-mass system has a spring constant of 3 N/m. A mass of 2 kg is attached to thc
spring, and the motion takes place in a viscous f luid that offers a resistance numerical l l ,
equa l to themagn i tudeof the ins tan taneousve loc i ty .  I f thesys temisdr ivenhyanexterna l
force of (3 cos 3t - 2 sin 3l) N, determine the steady state response. E,xpress your answer'
in  lhc  lo rm Rcr ls ( r , , /  -  6 ) .

In this problem we ask you to supply some of the detai ls in the analysis of a forced damped
osci l lator.

(a )  Der ive  Eqs .  (10) ,  (1  l ) ,  and (12)  fo r  thc  s tcady  s ta te  so lu t ion  o f  Eq.  (8 ) .

(b) Derivc the expression in Eq. (13) for RklFo.

(c) Show that oj, . , ,  and Rn,,, ,  are given by Eqs. (14) and (15), respectively.

Find the velocity of the steady state response given by Eq. (10). Then show that thc
velocity is maximum when r,-.r  :  ra6.

Find the solut ion of the init ial  valuc oroblem1-5

r u ' +  t t :  F ( t ) . r.r(0) : 0. &'(0) - 0.

0 < / < 2 .

/ ) .  r < t . < 2 n ,

2tr < t.

where

I i r t t  -

6L tt

u " * !u *  2u :2 cos cor ,  &(0)  :  0 ,  t i  (O) :  Z

(a) Determine the steady state part of the solut ion of this problem.

(b) Find the ampli tude ,4 of the steady state solut ion in terms of rr.r .

(c) Plot ,4 versus ro.

(d) Find the maximum value of .4 and the frequency ar for which it occurs.

€C B Consider the forced but undamped system described by the initial value problem

u"  *  u  :3  cos  ro I . u(0) : 0, &'(0) : 0.

(a) Find the solut ion u(t) for a * 1.

(b )  P lo t  the  so lu t ion  u( / )  versus  t  f .o r  a  :0 .7 ,  o :  0 .8 ,  and o  :0 .9 .  Descr ibe  how the
response a(t) changes as co varies in this interval.  What happens as a takes on values
closer and closer to 1? Note that the natural frequency of the unforced system is r,-41 : l .

1 1 .

t2.

14.

{1""

1 6 .

Hint:Treat each t ime intcrval scparately, and match the solut ions in the dif ferent intervals
by requir ing u and u' to be continuous functions of r.

A series circuit  has a capacitor of 0.25 x l0 t 'F. a resistor of 5 x 10r Q, and an inductor '
of I  H. Thc init ial  charge on the capacitor is zero. I f  a 12-volt  battery is connected to thc
circuit  and the circuit  is closed at t  :  0, determine the charge on the capacitor at r :  0.001 s.
at 1 :  0.01 s, and at any t ime t.  Also determinc the l imit ing charge as 1 ) oo.

Consider a vibrat ing system described by thc init ial  value problem
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,$Z tq Consicler the vibrat ing svstem described by the init ial  value problem

t i '  +  t r  : 3 c o s r a l .  i r ( O )  :  1 .  l / ' ( 0 )  :  1

(a)  F ind  the  so lu t ion  fo r  a  11 .
(b) Plot the solut ion l(1) versus / for rr-r :  0.7.u-t :0.11. and ro : 0.9. Ciompare the results
w i th  those o f  Prob lc r r r  l f i .  tha t  i s .  descr ibc  thc  c t ' f cc t  o f  {hc  nonz .c r .o  in i t ia l  conc l i t ions .

( :2 '  ZO For  the  in i t ia l  v l luc  p rob lcm in  Prob lem l8  p lo t  r / '  vc rsus  r r  lo r  r , r  :0 .7 ,  d t :0 .8 .  anc l
ar :  0.9. Such a plot is cal led a phasc plot.  Use a / interverl  that is long enough so that the
phasc  l l l t t t  l l ppcars  as  a  c loscc l  cu t ' vc .  Mark  your  curvc  rv i th  : r r rows [6  sh1ru ' thc  d i rcc l i6n

,,;:::';i .;-il;l::;iffi .:"',ia, r,a,ue pr.rr,cm
t r "  +0 .125u +  4r r  :  l - ( r ) .  r r (0 )  :  2 .  r / ' (0 )  -  0 .

In  each o f  these prob lcms:

( a )  P l c t t t h e g i v e n l o r c i n g f u n c t i o n 1 : ( l ) v e r s u s / . a n d a l s o p l o t t h c s o l u t i o n r 1 ( 1 ) v e r s u s I o n t h e
s i l l l l c  se t  o l  t l xcs .  IJsc  a  I  in le  rv l t l  th r r l  i s  lo r rg  cnouq l r  so  lhc  in i t ia l  t r lns icn ls  u rc  subs tan t r l l l y
e l im ina tec l .  Ohser rvc  t l rc  re la l ion  be ' lween the  ampl i tude and phase o f  the  fo rc ing  tc rm and
the  an tp l i tudc  and phasc  o f  the  rcsponse.  Note  tha t  a r11  -  , / k l t i r :2 .
(b )  l ) raw thc  phasc  p lo l  o l  thc  so lu t ion .  tha l  i s .  p lo t  r r '  vc rsus  r r .

(Q,  z t .  F ( t )  -  3  cos( / / ; l )

6,Q zz  l ' ( r )  :3cos2t

d ,Q,  z l  l f1 l1 :3c .x6 ,

f 2  r ^  A s p r i n e  n r i l s s s v s t c r n w i t l t i t h r t r c l c n i n g s p r . i n u ( l ) r o b l c n r 3 2 o l  S c c t i o n 3 . T )  i s a c t c c l  1 l n b y
a pcr iod ic  ex te rna l  fo rce .  In  the  abscnce o f  damping ,  suppose tha t  thc  d isp lacemcnt  o f
thc  n rass  sa t is { ies  thc  in i t ia l  va lue  prob lcnr

Li '  + rt  + ] f tr  :  c<tsrr.r/ .  &(0) :  0. &'(0) :  0

(a) Le t a.,  : .  1 ztnd plot a contputcr-gcncratcd solul ion ol the given problcm. Dgcs thc
s v s t e m e x h i b i t a b c a t ' l

(h) Plot the solut ion for several valucs of ar between 1 12 ancl ?. Dcscribc how thc sol l t ion
changcs i is r. .r  incrcascs.

d?  :S  Supposc  th l t  thc  sys tenr  o l  l ' rob lc r r  24  is  n rod i l iec l  to  inc lu t le  a  t lamping  te ln r  i rnd  t l l r t
the  resu l t ing  in i t ia l  va luc  p roh lem is

u "  +  \ t r ' +  r r  +  ] r r : t  -  c o s a ) I .  r r ( 0 )  : 0 .  l ' ( 0 )  =  0

(a)  P lo t  a  compulc r -genera ted  so lu t ion  o f  thc  g iven proh lcm l 'o r  scvera l  va lucs  o f  r , . ,
b e t w e e n  l 1 2 a n d 2 , a n d e s t i m a t e t h e a r n p l i t u d e R o l t h e s t c a d y r c s p o n s e i n e a c h c a s e .

(b) t lsing (hc clata l ' r 'onr part (a), plot the -qraph ol '1l  vcrsus t.r .  For what frcclue ncv ru rs
the  ampl i tudc  grca tes t?

(c) Comparc thc rcsults of parts (a) and (b) with the corresponding results for the l inear
s | l i n g .

l . .5 j t } .F ,N]CEs j . ( .odc l ing tc ln .E .A. .A t t ln . | r t l t l t t c t i t l t t to ( ) r t l i tu t r t 'D iJ | 'e ren t iu t [ : t1 t t t t | i t t l s
Ha l l .  1961:  Ncw York :  Dover .  1989) .

Tl lere arc manv books on mechanic:r l  vibrat iorrs and clectr ic circuits. One that clcals rvi th both is
Close. C. M.. and Frederick, D. K.. Mode ling and Analvsis o.f Dvnantic S,vsrerr-i (3rd ed. ) (New york: Wilev.

2rx)1 ).


