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with the initial conditions

From Eq. (32) it follows rhar

I o :

Hence /i is also determined by
measurable quantities.

E t t i  -  R I t  -  ( l  l C t Q "

The most important conclusion from this discussion is that the flow of current irr
the circuit is described by an init ial value problem of precisely the same form 1s
the one that describes the motion of a spring-mass system. This is a good examplc
of the unifying role of mathematics: Once you know how to solve second order
linear equations with constant coefficients, you can interpret the results in terms ol
mechanical vibrations, electric circuits, or any other physical situation that leads t9
the same nroblem.

- ! ! ! ! 4

PROBIEMS In each of problems 1 rhrough 4 determine ar', R. and J soas to write the given expression in
the lbrm u : Rcos(rool - 3).

L  r . r  :  l  s65  2 t  *  4s in2 t

3 .  a : 4 c q s 3 t - 2 s i n 3 r

6L -5. A mass weighing 2 lb stretches a spring 6 in. If the mass is pulled down an additional 3 in.
and then released, and if there is no damping, detcrmine the position u of the mass at any
trme l. Plot a versus r. Find the frequency, period, and amplitude of the motion.

6.  Amassof  l00gstretchesaspr ing-5cm. I f themassisset inmot ionfromitsequi l ibr iumposr-
tion with a downward velocity of 10 cm/s, and if there is no damping, determine the positiorr
u of thc mass at any time l. When does the mass first return to its equil ibrium position?

7. A mass weighing 3 lb stretches a spring 3 in. If the mass is pushed upward, contracting
the spring a distance of 1 in., and then set in motion with a downward velocity of 2 ft/s.
and if there is no damping, f ind the position rz of the mass at any time /. Determine th.
frequency, period, amplitude, and phase of the motion.

8. A series circuit has a capacitor of 0.25 x l0-6 F and an inductor of 1 H. If the init ial charsc
on the capacitor is 1 0 6 C and there is no init ial current, f ind the charge Q on the capacitor.
at any time r.

5L 9. A mass of 20 g stretches a spring 5 cm. Suppose that the mass is also attached to a vis-
cous damper with a damping constant of 400 dyn.s/cm. If the mass is pulled down an
additional 2 cm and then released, find its position u at any time l. Plot u versus /. Deter-
mine the quasi frequency and the quasi period. Determine the ratio of the quasi period
to the period of the corresponding undamped motion. Also find the time r such thal
la(l)l < 0.05 cm for all / > r.

Thus we must know the charge on the capacitor and the current in the circuit at sonr(
initial time 16.

Alternatively, we can obtain a differential equation for the current / by different i
ating Eq. (33) with respecr to /, and then substituting for deldt from Eq. (31). Tht
result is

LI"+nt ' ,+ l t :E ' ( t ) ,

1 ( / o ) : 1 0 ,  I ' ( t O : 1 o .

I,

the initial charge and current,

2 .  u :  - c o s I + € s i n l

4 .  u . : - 2 c o s r I  - 3 s i n r r l

(35 )

(36 )

(37 )

which are physicallr

i:
it:
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A nrass  we igh ing . l6 lb  s t re tchcs  a  spr ing  3  in .  Thc  mass  is  a t tachcd to  a  v iscous  damper
with a darnping constant of 2 lb.s/f t .  l f  the nrass is set in motion from its e qui l ibr iurn
pos i t ion  w i th  a  downward  ve loc i ty  o f  3  in /s ,  l ind  i t s  pos i t ion  a  a t  an) , t imc t .  P lo t  l  vc rsus
t. I)etermine when the mass f irst returns to i ts equi l ibr ium posit ion. Also f ind the t ime r
such tha t  r r ( t ) l  <  0 .01  in  fo r  a l l  I  >  r .

A spring is stretched 10 cm by a force ol 3 N. A mass o1 2 kg is hung from the spring and
is  a lso  a t tached to  a  v iscous  damper  tha t  exer ts  a  fo rce  o f  3  N when the  ve loc i tv  o i ' the
nrass is 5 m/s. I1' t l rc nrass is pul led clown -5 cm helow its cqui l ibr ium posit ion and sivcn an
in i t ia l  downward  ve loc i ty  o f  10  cnr /s ,  dc tc rmine  i t s  p t rs i t ion  11  : r t  anv  t in re  L  F ind  thc  quas i
frequcncy p and thc rat io ol 'p to the natural fret luency ol thc corresponding undamped
mot ion .

A s c r i c s c i r c u i t h a s a c a p a c i t o r o t  l 0  5 F . a r c s i s t o r o f  3 x l 0 2 Q . a n d a r r i n d u c t o r o f  0 . 2 H .
l 'hc init ial  chargo on thc capacitor is l  0 " C and therc is no init ial  current. Find the charge

Q on lhe  capac i lo r  a t  anv  t ime t .

A ccrtain vibrat ing system satisf ics thc equation u" |  1,1i - ,r  11 : 0. Find thc valuc of thc
damping coe l l i c ien t  y  lo r  wh ich  thc  quas i  pcr iod  o l  the  dampcd nro t ion  is  "50 'X ,  g rea tc r
than the  per iod  o l  lhe  cor respond ing  undamped mot ion .

Show that t l ie pcriod o1 motion ol ln undanrpcd vibrat ion ol 'a nrass hanging fron-r i i  ve r
t ical sprirrg is 2tr 

"/  
Llg, where 1-, is thc clongation ol the spring duc to the nrass and g is

t h u  a c c e l e  n r t i o n  d r r e  t o  g n r v i t r .

Show tha t  thc  so lu t iou  o l  thc  in i t ia l  va luc  p rob lcm

t t tu "  4  y r i  +  k r l  :0 ,  r r (41)  :  11 , , ,  u ' ( t1 )  -  r r ' , ,

can  bc  cxprcssed as  thc  sum r r  :  l  +  u r .  wherc  i '  sa t i s f ies  thc  in i t ia l  conc l i t ions
r . , ( /11)  -  u11, t l ( t1 ) :  0 ,  u r  sa t is f i cs  the  in i t ia l  cond i t ions  u ; (111)  -  0 ,  u ' ( le )  -  r r i , ,  anc i  l ro th  I '
and ur satisly l l tc sarne dif lercntial equation as u. 

' lhis 
is anotlrer instancc o1 superposing

solut ions ol simpler problems to ()btain the solut ion ol 'a more gencral prulblem.

Show tha t ,4cosr . r1 l t  I  / Js in r r , r ( )1  can bc  wr i t t cn  in  thc  fo r rn  rs in (a11 l  0 ) .  Dc tc rminc  r
and 0 in terms of A arr) B. l i  / lcos(r,. ,1y/ d) :  rsin(arol - ( ,)).  dctcrnrinc the relat ionship
among A.  r .  d .  and 0 .

A nrass  wc igh ing  8 lb  s t rc tchcs  a  spr ing  1 .5  in .  Thc  mass  is  a lso  a t tachcd to  u  dampcr  w i th
coefl icienl y. Determine thc value of y l 'or which the systcm is cri t ical ly dantpcd;bc surc
to give the units for 1u.

l f  a  s e r i e s c i r c u i t  h a s  a c a p a c i t o r o f  C : 0 . 8  x  1 0  { ' F a n . l  i r n  i l ) d u e t ( ) r o f  / - : 0 . 2  H , f i n d
the resistance R so that the circuit  is cr i t ical ly damped.

A s s u n r e  t h a l t h e  s v s t e m d c s c r i b c c l  b y t h e c q u a t i o n r n t r "  + y u '  + k u - 0  i s c i t h c r c r i t i c a l l y
dantpcd or overdanrpcd. Show that thc nlass can pass through the equil ibr ium posit ion
at most oncc. resardless o[ the init ial  condit ions.
F/int:  I)eternrine al l  possible values of t  for which l  :  0.

Assunrc  tha t  thc  sys te  m descr ibcd  by  the  equat ion  nu '  +  y  u '  *  ku  :  0  i s  c r i t i ca l l y  damped
and that the init ial  condit ions are a(0) :  uo, u'(0) = uo. I f  u, :  0, show that u -> 0 as
/ + oo but that rr is never zero. I f  l0 is posit ive, determine a condit ion on u0 that wi l l
cnsure that thc mass passes through i ts cqui l ibr ium posit ion after i t  is released.

l ,ogarithmic Decrement. (a) For the damped osci l lat ion described by Eq. (26), show
lhat thc t ime between successive maxima is 7,1 :2tr I  p.

(b) Show that the rat io of the displaccments at two successivc nraxima is given by
exp(y' l ' ,1 l2nt).  Obscrve that this rat io does not depend on which pair o1 maxima is
chosen. 

' lhe 
nalural logarithm of this rat io is cal led the logarithmic decrement and is

denoted  bv  A.
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(c) Show that A : ty lntp. Since ln. p. and A are quanti t ies that can be measured easi lr
for a mechanical system, this result provides a convenient and practical method for d1
termining the damping constant of the system, which is more dif f icult  to measure direct lr
In part icular. for the motion of a vibrat ing mass in a viscous f luid. the damping constalr
depends on the viscosity of the f luid; for simple geometric shapes the form of this depcl
dence is known, and the preceding relat ion al lows the experimental determination oi r l ' , .
viscosity. This is one of the most accurate ways of determining the viscosity of a gas rl
high pressure.

22. Referr ing to Problem 27,f ind the logarithmic decrement of the system in problem 10.
23. For the system in Problem 17 suppose that A :3 and 7.l  :0.3 s. Referr ing to problerl

21, determine the value of the damping coeff icient y.
24. The posit ion of a ccrtain-spring-mass system satisf ies the init ial  value problem

)u "  +  ku  :0 ,  u (0)  :2 ,  4 '101 :  ,
I f  the period and ampli tude of the result ing motion are observed to be z and 3, respective lr  .
determine the values of k and u.

6L ZS. Consider the init iai  value problem

u "  + y u ' * r : 0 ,  u ( 0 ) : / ,  r z ' ( 0 ) : 0 .
We wish to explore how long a t ime interval is required for the solut ion to become.,neg
l igiblc" and how this interval depends on the damping coeff icient y. ' Ib 

be mo.e preci. . .
let us seek the t ime r such that lrz( l) l  .  0.01 for al l  r  > r.  Note that cr i t ical damping f1;r
this problem occurs for 7 :2.

(a) Let y :0.25 and determine r, or at least est imate i t  fair ly accurately from a plot. t
the solut ion.

(b) Repeat part (a) for several other values of 7 in the interval 0 < y < j .5. Note that r
steadi ly decreases as 7 increases for y in this range.
(c) Create a graph of z versus 7 by plott ing the pairs of values fbund in parts (a) and (b ).
Is the graph a smooth curve?

(d) Repeat part (b) for values of y bctween 1.5 and 2. Show that r continues to de
creasc until 7 reaches a certain critical value y1, after which r increases. Find 7, and tht,
corresponding minimum value of r to two decimal places.
(e) Another way to proceed is to write the solut ion of the init ial  value problem in thc
form (26). Neglect the cosine I 'actor and consider only the exponential factgr and tht '
ampli tude R. 

' Ihen 
f ind an expression for t  as a function of 7. Compare the approximalt.

rcsults obtained in this way with the values determined in parts (a), ( t) ,  and (d).

26. Consider the init ial  value problem

mu"  *  yu '  +  ku  :0 ,  u (0)  :  4u ,  u '10 ;  :  , , , .
Assume that y2 < 4km.

(a) Solve the init iat value problem.

(b)  Wr i te  the  so lu t ion  in  rhe  fo rm u( t ) :  Rexp(*y t l2m)cos(p /_6) .  Determine  ̂ R in
terms of nz, y ,  k, uo, and u11.
(c) Investigate the dependence of R on the damping coeff icient y for f ixed values of thc
other parameters.

27' A cubic block of side / and mass density p per unit volume is floating in a fluid of mass
density p0 per unit volume, where pe > p. lf the block is slightly depressed and then re-
leased. it oscillates in the vertical direction. Assuming that the viscous damping of the
fluid and air can be neglected, derive the differential equation of motion and determine
the  per iod  o f  the  mot ion .
Hint: Use Archimedes's principle. An object that is completely or partially submerged in
a fluid is acted on by an upward (buoyant) force equal to the weight of the displac.A nu;.t.
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dta ZS. Thc posit ion of a ccrtain undarnpcd spring--mass systcnr satisf ics thc init ial  valuc problenr

, , "  a 2 1 1  : O .  a ( 0 ) : 0 .  u ' ( 0 ) : 2 .

(a )  F ind  thc  so lu t ion  o f  th is  in i t ia l  va lue  pnrb lcnr .

(b) Plot r/  versl ls t  and u'vcrsus l  on the samc axes.

( c )  P l o t  r r ' v c r s u s r r ; t h a t i s . p l o l r r ( t ) a n d r r ' ( r ) p a r a m c l r i c a l l y w i t h l a s l h e p a r a m c t e r . T h i s
p lo t  i s  known as  a  phase p lo t .  and t l i c  r r r r ' -p lanc  is  ca l led  thc  phasc  p lanc .  Ot rserve  tha t

a  c loscd  curve  in  thc  phase p la r rc  cor rcsponds to  a  pcr iod ic  so lu t ion  a( t ) .  What  i s  thc
d i rec t ion  o f  mot ion  on  thc  phase p lo t  as  t  inc reases ' l

, !2 Zg 
' l 'hc 

posit ion of a ccrtain sprinp nrass svstcur satisl ies the init ial  valuc problcnr

rr"  +- l r r '  +- 2rr  :  o u ( { } )  :  { ) .  r l ' ( ( l )  :  2

(a )  I r ind  thc  so lu t ion  o [  t l i i s  in i t ia l  va lue  prob le  rn .

(b )  P lo t  r  versus  t  and u 'versus  r  on  the  same axes .

(c )  P lo t  r r '  vc rsus  l  in  thc  phasc  pr lunc  (scc  Prob lcnr  2 f i ) .  Idcn l i f v  scvcra l  cor rcsponc l ing
po in ts  on  the  curvcs  in  par ts  (b )  and (c ) .  What  i s  thc  d i rec t i r : rn  o f  n ro l ion  on  thc  phasc
p lo t  as  t  inc rcases ' /

-10 .  ln  thc  absencc  o [  damping  thc  rno t ic ln  o1  a  spr ing-u l l ss  sys le  n r  s r r t i s l ies  thc  in i t ia l  va luc

oroblcnr

n t i '  - l  k r t  -  0 . r r (0 )  :  a ,  u ' (0 )  -  b

( a )  S h o w t h a t t l r c k i n c t i c c n c r g v i n i t i a l l y i n r p a r t c c l  t o t h c m a s s i s t r i l t l 1 2 a n d t h a t t h c p o -
tcn t ia l  cncrgy  in i t ia l l y  s to red  in  thc  spr ing  is  k r r )  l2 ,so  th r r t  in i t ia l l v  thc  to ta l  cnergy  in  thc
svs tem is  (kar  +  mt112.

(b )  So lvc  the  g ive  n  in i t ia l  va luc  p rob lcnr .

(c )  LJs ing  thc  so lu t ion  in  parL  (b ) .de lc rmine  t l t c  to ta l  cncrgy  in  thc  svs tcnr  aL  ar tv  t i rnc  1 .

Your result should confirm the principle of conservation of cnersv l i rr  this system.

31. Supposc that a nass rrr sl idcs without lr ict ion on a horizoltal surfacc. I ' l rc tuass is al-
lachec l  to  a  spr ing  w i th  spr ing  c ( )ns tan I  A .  as  shown in  F igurc  3 .7 .10 ,  and is  a lso  sub jcc t
to  v iscous  a i r  rcs is tance w i th  coef l i c ien l  )u .  $ f i61v  tha l  the  c l i sp lacement  r . r ( / )  o l ' the  mass
l lonr  i t s  cc lu i l ib r i r - rm pos i t ion  sa l i s f i cs  f iq  (21) .  l low does  thc  dcr iva t ion  o f  thc  c r lu l t ion
o l  n ro l ion  in  t l r i s  casc  d i f le  r  l l ' onr  thc  c lc r i " 'a t ion  q ivcn  in  thc  l cx l?

FIGURE 3.7,10 A sprine-nlrss systcnr

a^-ii6. 32 In the spring-mass syslem of Prohlem 31. suppose that the spring force is not given bv
Hookc 's  law but  instead sat is l lcs thc re lat ion

F ' , : - ( k u + e u 3 1 ,

where l '  > 0 and e is small  but ma1, be of either sign. 1lre spring is cal lcd a hardening
spring i f  c > 0 and a sclf lening spring i f  r  < 0. Why are thr:sc tcrms appropriate?


