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Chapter 3. Second Order Linear Equations

PROBLEMS

Thus we must know the charge on the capacitor and the current in the circuit at some
initial time ¢.

Alternatively, we can obtain a differential equation for the current / by differenti-
ating Eq. (33) with respect to ¢, and then substituting for dQ/dt from Eq. (31). The
result is

1
LI" +RI' + E[:E’(t), (35)
with the initial conditions
](Z()) = I, 1/([0) = 1(/) (3(1)
From Eq. (32) it follows that

E(y) = Rly — (1/C)Qy
3 .

Hence I is also determined by the initial charge and current, which are physically
measurable quantities.

The most important conclusion from this discussion is that the flow of current in
the circuit 1s described by an initial value problem of precisely the same form as
the one that describes the motion of a spring-mass system. This is a good examplc
of the unifying role of mathematics: Once you know how to solve second order
linear equations with constant coefficients, you can interpret the results in terms of
mechanical vibrations, electric circuits, or any other physical situation that leads to
the same problem.

!
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(37)
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In each of Problems 1 through 4 determine wy, R, and § so as to write the given expression in
the form u = R cos(wyt — 8).

1. u =3cos2t +4sin2t 2. 1= —cost+ +/3sint
3. u=4cos3t —2sin 3t 4. u=—-2cosmt — 3sinnt

‘Q/ 5. A mass weighing 2 Ib stretches a spring 6 in. If the mass is pulled down an additional 3 in.

and then released, and if there is no damping, determine the position u of the mass at any
time ¢. Plot u versus ¢. Find the frequency, period, and amplitude of the motion.

6. Amassof 100 gstretches aspring Scm. If the massissetin motion from its equilibrium posi-
tion with a downward velocity of 10 cm/s, and if there is no damping, determine the position
u of the mass at any time . When does the mass first return to its equilibrium position?

7. A mass weighing 3 Ib stretches a spring 3 in. If the mass is pushed upward, contracting
the spring a distance of 1 in., and then set in motion with a downward velocity of 2 ft/s,
and if there is no damping, find the position u of the mass at any time . Determine the
frequency, period, amplitude, and phase of the motion.

8. A series circuit has a capacitor of 0.25 x 107% F and an inductor of 1 H. If the initial charge

on the capacitor is 10® C and there is no initial current, find the charge Q on the capacitor
at any time ¢,

."2 9. A mass of 20 g stretches a spring 5 cm. Suppose that the mass is also attached to a vis-

cous damper with a damping constant of 400 dyn-s/cm. If the mass is pulled down an
additional 2 cm and then released, find its position u at any time 1. Plot u versus . Deter-
mine the quasi frequency and the quasi period. Determine the ratio of the quasi period
to the period of the corresponding undamped motion. Also find the time 7 such that
lu() <0.05cmforallt > r.
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@”‘?/ 10. A mass weighing 16 b stretches a spring 3 in. The mass is attached to a viscous damper
with a damping constant of 2 tb-s/ft. 1f the mass is set in motion from its equilibrium
position with a downward velocity of 3 in/s, find its position u at any time ¢. Plot u versus
1. Determine when the mass first returns to its equilibrium position. Also find the time
such that |u(r)] < 0.01 inforallt > .

11. A spring is stretched 10 cm by a force of 3 N. A mass of 2 kg is hung from the spring and
is also attached to a viscous damper that exerts a force of 3 N when the velocity of the
mass is 5 m/s. If the mass is pulled down 5 cm below its equilibrium position and given an
initial downward velocity of 10 cm/s, determine its position i at any time (. Find the quasi
frequency u and the ratio of u to the natural frequency of the corresponding undamped
motion.

12. A series circuit has a capacitor of 107 F. a resistor of 3 x 107 2, and an inductor of 0.2 H.
The initial charge on the capacitor is 107" C and there is no initial current. Find the charge
Q on the capacitor at any time /.

13. A certain vibrating system satisfics the equation u” 4+ yu’ + u = 0. Find the value of the
damping coelficient y for which the quasi period of the damped motion is 5S0% greater
than the period of the corresponding undamped motion.

14. Show that the period of motion of an undamped vibration of a mass hanging from a ver-
tical spring is 27 /1. /g, where L is the elongation of the spring due to the mass and g is
the acceleration due to gravity.

15. Show that the solution of the initial valuce problem
mu” + yu' 4 ku =0, ulty) = g, '(ty) = u

can be cxpressed as the sum 1= v 4w, where v satisfies the initial conditions
vllo) = 11y, V' (ty) = 0, w satisfics the initial conditions w(ty) = 0, w'(1y) = uy, and both v
and w satisfy the same differential equation as w. This is another instance of superposing
solutions of simpler problems to obtain the solution of a more general problem.

16. Show that A coswyt + Bsinwy! can be written in the form rsin(wyf — #). Determine r
and 6 in terms of A and B. 1t R cos(wyt — ) = rsin{wyt — ¢), determine the relationship
among R,r.§.and 6.

17. A mass weighing 8 1b streiches a spring 1.5 in. The mass is also attached to a damper with
coefficient y. Determine the value of y for which the system is criticatly damped; be sure
to give the units for y.

18, 1f a series circuit has a capacitor of C = 0.8 x 10 ® F and an inductor of L. = 0.2 H, find
the resistance R so that the circuit is critically damped.

19. Assume that the system described by the equation mu” + yu' + ku = O is cither critically
damped or overdamped. Show that the mass can pass through the equilibrium position
at most once, regardless of the initial conditions.

Hinr: Determine all possible values of ¢ for which v = 0.

20. Assumc that the system described by the equation mu” + yu' + ku = Ois critically damped
and that the initial conditions are u(0) = wy, ' (0) = vy. If vy =0, show that v — 0 as
{ — oo but that u is never zero. If i is positive, determine a condition on v, that will
cnsure that the mass passes through its equilibrium position after it is released.

21. Logarithmic Decrement. (a) For the damped oscillation described by Eq. (26), show
that the time between successive maxima is Ty = 27 /4.

(b) Show that the ratio of the displaccments at two successive maxima is given by
exp(y T4/2m). Observe that this ratio does not depend on which pair of maxima is
chosen. The natural logarithm of this ratio is called the logarithmic decrement and is
denoted by A.
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22.
23.

24.

¢ 25

26.

27.

(c) Show that A = my/mu. Since m.u,and A are quantities that can be measured easily
for a mechanical system, this result provides a convenient and practical method for de
termining the damping constant of the system, which is more difficult to measure directly.
In particular, for the motion of a vibrating mass in a viscous fluid, the damping constam
depends on the viscosity of the fluid; for simple geometric shapes the form of this depcn
dence is known, and the preceding relation allows the experimental determination of the
viscosily. This is one of the most accurate ways of determining the viscosity of a gas
high pressure.

Referring to Problem 21, find the togarithmic decrement of the system in Problem 10.

For the system in Problem 17 suppose that A =3 and T; = 0.3 s. Referring to Problem
21, determine the value of the damping coefficient y.

The position of a certain spring-mass system satisfies the initial value problem
%u” +ku =0, u(@® =2, 0 =v.

If the period and amplitude of the resulting motion are observed to be 7 and 3,respectively.
determine the values of k and v.

Consider the initial value problem

U+ yu +u =0, u@® =2, 'O =0.
We wish to explore how long a time interval is required for the solution to become “neg
ligible™ and how this interval depends on the damping coefficient y. To be more precisc.
let us seek the time t such that ju(r)| < 0.01 for all ¢ > r. Note that critical damping foi
this problem occurs for y = 2.
(a) Let y =0.25 and determine 7, or at least estimate it fairly accurately from a plot ol
the solution.
(b) Repeat part (a) for several other values of y in the interval 0 < y < 1.5. Note that 1
steadily decreases as y increases for y in this range.

(c) Create a graph of 7 versus y by plotting the pairs of values found in parts (a) and (b).
Is the graph a smooth curve?

(d) Repeat part (b) for values of y between 1.5 and 2. Show that 7 continues to de-
crease until y reaches a certain critical value y, after which T increases. Find ¥ and the
corresponding minimum value of  to two decimal places.

(e) Another way to proceed is to write the solution of the initial value problem in the
form (26). Neglect the cosine factor and consider only the exponential factor and the
amplitude K. Then find an expression for t as a function of y. Compare the approximatc
results obtained in this way with the values determined in parts (a), (b), and (d).

Consider the initial value problem

mu” +yu' 4+ ku =0, uy =uy, u'0) =v,.
Assume that y2 < 4km.
(a) Solve the initial value problem.
(b) Write the solution in the form u(s) = Rexp(—yt/2m)cos(ut — 8). Determine R in
terms of m, y, k, ug, and v,.

(c) Investigate the dependence of R on the damping coefficient y for fixed values of the
other parameters.

A cubic block of side / and mass density p per unit volume is floating in a fluid of mass
density py per unit volume, where py > p. If the block is slightly depressed and then re-
leased, it oscillates in the vertical direction. Assuming that the viscous damping of the
fluid and air can be neglected, derive the differential equation of motion and determinc
the period of the motion.

Hint: Use Archimedes’s principle. An object that is completely or partially submerged in
afluid is acted on by an upward (buoyant) force equal to the weight of the disptaced fluid.
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¢%¢ 28, The position of a certain undamped spring-mass system saltisfics the initial value problem
"+ 20 =, u(y=0. ') =2

{a) Find the solution of this initial value problem.
(b) Plot i versus ¢ and «’ versus 1 on the same axes.
(¢) Plot e versus i that is, plot u(r) and i/ () parametrically with 1 as the parameter. This
plot is known as a phase plot, and the wi'-plane is called the phase planc. Observe that
a closed curve in the phase planc corresponds to a periodic solution u(r). What is the
direction of motion on the phase plot as ¢ increases”?

\62 29. The position of a certain spring—mass system satisfies the initial value problem

"

W't 4 20 =0, wu@ =0, (O =2.

(a) Find the solution of this initial value problem.
(b) Plotu versus 1 and «’ versus t on the same axes.
(¢) Plot«’ versus i in the phase plane (sce Problem 28). Tdentify several corresponding,
points on the curves in parts (b) and (¢). What is the direction of motion on the phase
plot as 1 increases?

30. In the absence of damping the motion of a spring--mass system satisfies the initial valuc
problem

mu” ke =0, () =a, u(0)=hb.

(a) Show that the kinetic enerey initially imparted to the mass is mb?/2 and that the po-
tential energy initially stored in the spring is ka?/2, so that initially the total energy in the
system is (ka® + mb?)/2.

(b) Solve the given initial value probiem.

(¢) Using the solution in part (b), determine the total energy in the system at any time {.
Your result should confirm the principle of conservation of energy for this system.

31. Suppose that a mass m slides without friction on a horizontal surface. The mass is at-
tached to a spring with spring constant A. as shown in Figure 3.7.10, and is also subject
to viscous air resistance with coefficient . Show that the displacement u(f) of the mass
from its cquilibrium position satisfics Eq. (21). How does the derivation of the equation
of motion in this case differ from the derivation given in the text?

FIGURE 3.7.10 A spring—-mass system.

S

{ ¥, 32. In the spring~mass system of Problem 31, suppose that the spring force is not given by
Hooke’s law but instead satisfics the relation

Fo= —(ku + eu‘“’),

where k > 0 and e is small but may be of either sign. The spring is called a hardening
spring if ¢ > 0 and a softening spring if ¢ < 0. Why are thesc terms appropriate?



