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and we should choose

Y ( t ) :  e @ + i 1 ) t ( A 0 t t 1  + . . . +  A , )  +  u t a - i 1 ) t l g u y r t + . . . +  8 , , ) .

or, equivalently.

Y ( t ) :  e " ' ( A g "  + . . . + , 2 1 , , ) c o s  B t  *  e " t ( B s t "  +  ' .  * 8 , , ) s i n , r 3 t .

Usually, thc lattcr form is preferrcd. If o * ip satisfy thc charactcristic equation
corresp<-rnding to tho homogeneous equat ion.  we must ,  o[  course.  mul t ip ly  each of
the polynomials  by /  to  increase thei r  degrees by one.

I f  the nonhomogeneous funct ion involves both cos f t  and s in Bl ,  i t  is  usual ly  con-
vcnicnt to treat these terms togethcr, since each one individually ntay givc rise to the
same form for  a par t icu lar  so lut ion.  For  example.  i { 'g( l )  :  l  s in  I  + 2 cos l ,  the form
for  Y( t )  would bc

Y ( t ) :  ( A y t  + . r 1 1 ) s i n  I  +  ( B ' t  * B r ) c o s r .

provided that sin l and c<-rs / arc nclt solutions of thc hclmogcncous cquation.

PR0BIEMS In each of Problems I throush l21ind the general solution of the given ctif l 'erential equation.
r:@ry l. )/' 2y' 3y : 3r'' 2. y" t 2y' + 5t,: 3 sin 2l

3 . y " - 2 t " '  3 y : - 3 t " '  4 . y " + 2 y ' : 3 + 4 s i n 2 r
-5. -r '" -f 9y - /r1'rl 16 6. y,, +2y, 1- y - 2p '

7 . 2 y "  +  - 1 , u ' + , v :  t r  + 3 s i n r  8 .  y "  + y : 3 s i n 2 t  + r c o s 2 t
9.  r l "  +to,?ru-costot ,  a ,2 7ol  10.  r r "+. rof r r :cosrr11l

1 1 .  y "  *  y ' + 4 y : 2 s i n h  t  l l i n t :  s i n h l :  ( c '  e  ' ) 1 2

12. y" - ),' - 2y : cosh 2/ Hint.' cosh t : ((t + c-t)12

In each o l  Problems 13 through l f l  f ind the solut ion of  the g iven in i t ia l  va lue problem.
13 .  r , "  *  t '  - 2y :2 t ,  y (0 )  : 0 ,  y ' ( 0 )  -  1
14.  r " '  +  4v :  r )  + 3e '  .  y( ( l )  :  0 ,  y ' (O) :  2
1 .5  _ r , "  -  2y ' I  ) ' :  t t t  *4 ,  , v (0 ) :  t .  v ' ( 0 ) :  t
16.  , r " '  -  2y -  3y:  3rr ' r ' .  y(0)  :  1 ,  -y ' (0)  :  0
1 j .  t / , *  4_v :3s in2 r ,  y (0 )  _2 ,  , v , (0 )  :  _ t

18. -y" + 2v' * 5y : 4e ' cos2t, y(0) : 1, y'(0) : 0

ln cach of Problems 19 through 26:
(a) J)etermine a suitablc form lor y(1) if the method of undetermined coefllcients is to be

(b) Use a computer algcbra system to find a particular solution of thc given cquation.

6L  t9  y "  +3y  :2 t4  +  r2e -3 '+s in3 r

62 zo. ]"' * -r' : 1(i + sin 1)

6Q, zt ,\," - 5l' + 6y : e' cos2t + e2t (3t * 4) sin r

6 Q  z z .  l "  + 2 ) "  + 2 y : 3 e - t + 2 e t c o s / *  4 e  ' f s i n t

62 z: )t' - 4y' + 4y :2t2 + 4te2' * r sin 2r

&L zq )," + 4y: /2 sin 2t + (6t * 7) cos 2r

6e- ZS y" + 3y' *2y : e' (t2 + l)sin2r + 3e-t cost * 4el
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62 ze.
27.

Y" + 2Y' * 5y : 3te-t cos2t - 2te-2' cost

Consider the equation

ay" + by' -l cy : g(t1,

where a, b, and c are positive.
31. If yr (/) and Y2Q) are solutions of Eq. (i), show rhat

result true if b : 0?
32. If g(t) : d, a constant, show that every solution ofEq.

happens if c : 0? What if b : 0 also?

( i )

YrQ) - Y2Q) --+ 0 as / -+ oo. Is this

(i) approaches dlc as I -+ oc. What

l l  . l

Y  - r ) '  4 l : z e ( ' )

from Example 5. Recall  that y1(/) :  e-t and y20) :  e4, are solut ions of the corresponding
homogeneous equation. Adapting the method of reduction of order (Section 3.4), seek a
solut ion of the nonhomogeneous equation of the form Y (t) :  r . ,( /)y1(r) :  u( l)e-r,  where
u(t) is to be determined.

(a )  Subs t i tu te  y ( / ) ,  Y ' ( l ) ,  and Y" ( l )  in to  Eq.  ( i )  and show rha t  u ( / )  musr  sa t is ty
u "  -  5 u '  : 2 .

(b )  Le t  u , ( / ) :  u ' ( / )  and show tha t  u r ( l )  must  sa t is fy  r r r ' - -
for ur(/).

(c) Integrate rr.r(r) to f ind u(l) and then show that

5u  :2 .  So lve  th is  equat ion

Y(o  :  -2 r te - '  +  !c r r^ '  +  r r r - ,  .

The l irst term on the r ight side is the desired part icular solut ion of the nontromogeneous
equation. Note that i t  is a product of I  and r,-, .

28. l)etermine the general solut ion of

N
\-

y  I L ) : )  ( t , i l \ t n m f t l ,
L
a r -  I

where  ) ,  >  0  and  ) .  I  mr  f o r  n t  :  1 . . . . ,N .

6L Zg In many physical problems the nonhomogeneous term may be specified by different for-
mulas in different t ime periods. As an example,dctermine the solution y: oe) of

I t .  0 - r r r ,y  + . v  :  
1 r , , ,  

, .  t  >  n .

sat is fy ing the in i t ia l  condi t ions y(0)  :0  and y, (0) :  1 .  Assume that  y  and y,  are a lso
contlnuous al | - n . Plot the nonhomogencous term and the solution as functions of t ime.
Hinl: Firsr solve the init ial value problem for t < ir;then solve for / > :r,determining the
constants in the latter solution from the continuity conditions at t : jr.

6L lO. Follow the instructions in Problem 29 to solve the differential eouarron

v "  +zv ' ,  +s -v :  { . 1 '  
01 r  1n12 '

1 0 ,  t  >  n / 2

with the init ial  condit ions y(0) :  0 and I,(0) :  0.

Behavior of Solutions as / --+ cxc. In Problems 3i and 32 we continue the discussion started
with Problems 38 through 40 of Section 3.4. Consider the dif ferenrial equation
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33. In this problem wc indicate an alternative plocedurc' lol  solving thc dif fercntial equation

j t '  +  by ' *  cy  :  (D? +  bD *  c )y r :  g (1 .1 . ( i )

where l-r and c arc constants. and -1) denotes di i fe rcntiat ion with respect to t .  Lct r-1 i l r lcl  /3

be the zeros ol ' the characterist ic polynomial of the corresponding homogeneous eq uatiol l .

These roots mav be real and dif fcrent. real and equal. or conjuqate complex numbets.

(a) Vcri ly that I ,q. ( i)  can bc writ tcn in thc factorcd forur

( D  -  r t ) ( D  r 1 ) y :  g ( / ) .

whe rc  11  I  r  :  -b  and r -1  t - ,  :  t .

(b )  Le t  t r  -  ( l )  -  r .1 ) . i , . ' l hen  show tha t  the  so lu t ion  o f  Eq ( i )can  bc  I 'ound by  so lv ine  the

lol lowing two f irst orclcr cquati<'rns:

I  l )  , ' 1  ) r 1  :  ( { /  r .  t  D  /  '  ) . \ '  / / { /  }

In  cach o f  Prob lcnrs  3z l  th rough 37  usc  the  mcthod o f  Prob lcnr  33  to  so lvc  the  g iven d i f fe rcn t  ia l

cquat lon .

34. r," -  3r, '  zf!  :  3cl/  (see Exarnple 1)

3-5. 2_r" '  * 3-v'  I  .r ,  -  tr  + 3 sin t  (scc Problcm T)

36.  r "  *  2y '  +  y  :2e  '  (see  Prob lem 6)

3 l  .  y "  +  2v '  -  3  *  4  s in  2 r  (scc  Proh lcm 4)

'.ti Variation of Parameters

E X A M P L E

Iil
I,

ln  th is  scct ion we dcscr ibc another  mcthod of  l indrng a par t icu lar  sc l lu t ion o1 'a non-

homogeneous equat ion.  
' lh is  

method,  known as var iat ion of  parameters.  is  due to
Lagrange and complemcnts the mcthod of  undcterminccl  coef f ic ients rather  wel l .
' f lre 

lnairr advar.rtagc o{ variation clf parameters is that it is a gcncrul tnellrcd. in
pr inc ip le at  least ,  i t  can be appl ied to any equat ion,  and i t  requi res no deta i led as-
sumpt ions about  thc l .orm of  the solut ion.  In  fact .  la tcr  in  th is  sect ion wc use th is
mcthod 1cl derivc a fclrrnula fclr a particular solution of an arbitrarv sccond clrder
l inear  nonhomogeneous d i f lerent ia l  cquat ion.  On the other  hand,  the ntethod of
var iat ion of  parameters cvcntual ly  rcqui res us to evaluatc ccr ta in in tegra ls  involv ing

thc nonhornogcueous term in thc d i f fercnt ia l  cquat ion,  and th is  may prcsent  d i f f i -
cu l t ies.  Before looking at  thrs method in the general  case.  we i l lust ratc  i ts  usc in  ar . t
cxample.

Find a particular solution of
v " * 4 v : 3 c s c r ( l )

Observe that this problem is not a good candidate for the method of undetermined cocff i-

c icn ts .  as  dcscr ibed in  Scc t ion  3 .5 .  because the  nonhomogeneous tc rm g(1)  :3csc t  invo lves

7R. S.  Luthar,  "An<rthe r  Approach to a Standarcl  Di f fcre nt ia l  Equatron."  
' [wo 

Ycor Col legc Mat l rcrnat ics

Jounrul  l0 ( .1()1r)) ,  pp.  200-201: a lso sce D. C.  Sandel l  and F.  M. Stc in.  "Factor izat ion ol  Operators oI

Sccond Ordcr L inear Honrogeneous Ordinarv Di f lcrent ia l  Equat ions. ' '  
' fwo 

Yeur Col legc Mut l t t ' t r tut i t .s

Journol  8 (  1977).  pp.  132- l , l l .  for  a ntore general  d iscussion ol  lactor ing opcrators.


