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original second order equation for y. Although it is possible to write down a formula
for v(r). we will instead illustrate how this method works by an example.

Given that y, (1) = (7! is a solution of
EXAMPLE N
3 20"+ 3y — vy =0, (>0, (31)

find a fundamental set of solutions.
We sety = vty ' then

’ ' | 2 " "

V=01 =, V=o't =200 T 420
Substituting for y, v, and v" in Eq. (31) and collecting terms, we obtain
20007 Y =20 P20 Y430 e Yy — !
=200 A (=4 + 3 e =3
=2 — v =0 (32)

Note that the coefficicnt of v is zero, as it should be: this provides a useful check on our algebra.
Scparating the variables in Eq. (32) and solving for v'(1), we find that
vy = '

then

v(f) = %L‘I?‘/? + k.
It follows that

y=3c'? 4 kil (33)
where ¢ and k arc arbitrary constants. The second term on the right side of Eq. (33) is a

multiple of yy(1) and can be dropped, but the first term provides a new solution y, (1) = 177,
You can verify that the Wronskian of y; and v, is

YR
3/

Wy = 3t {>0, (34)

Consequently, vy and y- form a fundamental set of solutions of Eq. (31).

PROBLEMS In cach of Problems 1 through 10 find the general solution of the given differential equation.

e et

Loy 2y 4+y=0 2.9 4+6y +y=0
34y — 4V —3y =0 4. 4y + 12y +9y =0
5.0 2y 4 10y =0 6.y — 6y +9y =0
7.4y + 1TV +4y =0 8. 16y + 24y + 9y =0
9. 25y" - 20v 4+ 4y =0 10, 2"+ 2y +v =0

In cach of Problems 11 through 14 solve the given initial value problem. Sketch the graph of
the solution and describe its behavior for increasing 1.

o9y — 12y + 4y = (), v =2, v =-1

12V =6 +9v =0, w0) =0, y(0) =2

13, 9y" + 6y + 82y = 0, y(0) =—1, y(0) =2

T4y +4y +4y =0, vi-h=2. ¥y =1
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& 15

16.

& 17

18.

19.

Consider the initial value problem
H'H12y 49 =0,  yO) =1, y(©0) = 4.

(a) Solve the initial value problem and plot its solution for 0 <t <5
(b) Determine where the solution has the value zero.
(¢) Determine the coordinates (7, yp) of the minimum point.

(d) Change the second initial condition to Y'(0) = b and find the solution as a function
of b. Then find the critical value of b that separates solutions that always remain positive
from those that eventually become negative.

Consider the following modification of the initial value problem in Example 2:
Y=y 4025y =0,  yO) =2, y©0) =».
Find the solution as a function of b and then determine the critical value of  that separates

solutions that grow positively from those that eventually grow negatively.
Consider the initial value problem
4y" +4y +y =0, y =1, y© =2.
{a) Solve the initial value problem and plot the solution.
(b) Determine the coordinates {(tm, ym) of the maximum point.
(¢) Change the second initial condition to y'(0) = b > 0 and find the solution as a function
of b.
(d) Find the coordinates (far, yar) of the maximum point in terms of b. Describe the
dependence of t; and y,, on b as b increases.

Consider the initial value problem
9" + 12y +4y =0, yO) =a=0 y(@) =-1.

(a) Solve the initial value problem.

(b) Find the critical value of a that separates solutions that become negative from those
that are always positive.

If the roots of the characteristic equation are real, show that a solution of

ay” 4+ by" + cy = 0 is either everywhere zcro or else can take on the value zero at most
once.

Problems 20 through 22 indicate other ways of finding the second solution when the charac-
teristic equation has repeated roots.

20.

21.

(a) Consider the equation V"4 2ay’ +a*y = 0. Show that the roots of the characteristic
equation are ry = r, = —a, s0 that one solution of the equation is e ¥,

(b) Use Abel’s formula [Eq. (22) of Section 3.2] to show that the Wronskian of any two
solutions of the given equation is

W(t) = yl(t)y/z([) —yll ([)yz([) — Cle~2u[7

where ¢| is a constant.

(c) Lety (r) = ™ and use the result of part (b) to obtain a differential equation satisfied
by a second solution y, (1). By solving this equation, show that ya(t) = te .

Suppose that r; and r, are roots of ar? + br+4-¢ =0 and that r; # r,; then exp(rit)
and exp(ryt) are solutions of the differential equation ay” + by’ + cy = 0. Show that
(1301, r2) = [exp(rat) — exp(r,1)]/(r, — ry) is also a solution of the equation for r; # ry.
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Then think of ) as fixed and use L'Hospital’s rulc to evaluate the himit of ¢(r:r,,r;) as
r; — ry, thereby obtaining the second solution in the casc of cqual roots.

o)
o

. (a) Tfar* 4 br + ¢ = 0 has equal roots r;, show that
Lle"V = a(@) + b + ¢ = alr — r)?e". (i)

Since the right side of Eq. (1) is zero when r = ry, it follows that exp(r;t) is a solution of
Liyl=ay" "+ by +cy=0.

(b) Differentiate Eq. (i) with respect to r and interchange differentiation with respect to
r and with respect to f, thus showing that

] a 5 ..
O(—Lle”] =L [ . ('”:l = Ljte"} = ate’" (r — r))" + 2uae” (r — 7). (11)
r or

Since the right side of Eq. (ii) is zero when # = ry, conclude that 1 exp(r; 1) is also a solution
of Lly] =0.

In each of Problems 23 through 30 use the method of reduction of order to find a second
solution of the given differential equation.

2305 —Any +6y=0, =0 yi(r) =1

24. Ily"’ + 2ty =2v=0, >0 i)y =1t

25 1V 43y 4y =0, >0 vi(t)y=1""
200 PV U2 A U+ 2)y =0, 1>0; yit) =1
27.xv -y +4ry =0, x>0 yi(x) = sinx’

28 (v = I —xy' 4y =0, x>1; vi(x) =¢'
29, 2y — (x — 01875y =0, x>0 Vi(x) = xAedv
30 0y A xy F (- 025y =0, x>0 vi(x) =x Ysinx

31. The differential equation
Xy —(x+ N} +Ny=0,
where N is a nonnegative integer, has been discusscd by several authors.” One reason
why it 1s interesting is that it has an exponential solution and a polynomal solution.
(a) Verify that once solution is v (x) = e*.

(b) Show that a sccond solution has the form v (x) = cet | xVe™ dx. Caleulate v, (x) for

N =1 and N = 2; convince yourself that. with ¢ = —1/N.
N x* N
Ya(x) = +ﬁ+_2—!+“.+ﬁ!'
Note that y»(x) is exactly the first N + 1 terms in the Taylor serics about x = 0 for ¢*, that

18, for vy (x).
32. The differential equation
Vi4+Sy +y) =0

arises in the study of the turbulent flow of a uniform stream past a circular cylinder. Verify

that v, (x) = exp(—3x?/2) is onc solution and then find the general solution in the form of
an integral.

“T. A. Newton. “On Using a Differential Equation to Generate Polynomials,” American Mathematical
Monthly 81 (1974), pp. 592-601. Also see the references given there.



174 Chapter 3. Second Order Linear Equations

33. The method of Problem 20 can be extended to second order equations with variable
coefficients. If y; is a known nonvanishing solution of y” + p(r)y’ + q()y = 0, show that
a second solution y, satisfies (y,/y;)" = W(yl,yz)/yf, where W(y1, y;) is the Wronskian of
y1 and y;. Then use Abel’s formula [Eq. (22) of Section 3.2] to determine y,.

In each of Problems 34 through 37 use the method of Problem 33 to find a second independent
solution of the given equation.

3.2y 43y +y=0, >0 i) =11

By —y +48y =0, >0 y1(t) = sin(?)

36 x—1)y' —xy +y=0, x>1; yi(x) =€

37. %% +xy + (2 —025)y =0, x>0; yi(x) =x"sinx

Behavior of Solutions as r - oo, Problems 38 through 40 are concerned with the behavior
of solutions as r — oo.

38. 1fa, b, and c are positive constants, show that all solutions of ay” + by' + cy = 0 approach
ZEro ast — oo.

39. (a) Ifa > 0and ¢ > 0,but b = 0, show that the result of Problem 38 is no longer true, but
that all solutions are bounded as t — co.
(b) Ifa > 0and b > 0,but ¢ = 0,show that the result of Problem 38 is no longer true, but
that all solutions approach a constant that depends on the initial conditions as ¢ — oo,
Determine this constant for the initial conditions Y@ = yo, ¥ (0) = y;.

40). Show that y = sint is a solution of
Y+ (ksin® )y’ + (1 — kcostsin)y = 0

for any value of the constant k. If 0 < k < 2,showthat1 — k costsint > Oand k sin’ > 0.
Thus observe that even though the coefficients of this variable-coefficient differential equa-
tion are nonnegative (and the coefficient of y' is zero only at the points r = 0, 7,27, .. ),
it has a solution that does not approach zero as t —> oo. Compare this situation with the
result of Problem 38. Thus we observe a not unusual situation in the study of differential
cquations: equations that are apparently very similar can have quite different properties.

Euler Equations. In each of Problems 41 through 46 use the substitution introduced in Prob-
lem 34 in Section 3.3 to solve the given differential equation.

41. £Py" — 3ty +4y =0, t>0
42. £7y" +2y' +0.25y = 0, t>0
43. 208y — 5ty + 5y =0, t>0
44. 2y + 31y +y =0, >0

45. 42y" — 8ty +9y = 0, t>0
46. *y" +5ty' + 13y = 0, >0

3.5 Nonhomogeneous Equations; Method of Undetermined Coefficients

We now return to the nonhomogeneous equation

Lyl =y"+p@)y +q@)y = g(1), ¢y

where p, g, and g are given (continuous) functions on the open interval /. The
equation

Lyl =y"+p®y +qt)y =0, (2)




