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oris inal  second order equat ion for y.  Al though i t  is possible to wri te down a formula
for r ,( / ) .  wc wi l l  instead i l lustratc how this mcthod works by an example.

Givcn tha t , l ' r (1 )  :  t - r  i s  a  so lu t ion  o{ '
E X A M P L E

3 
2 t2v"  l3 r -v '  - . y  :  0 .  /  >  0 ,  (31)

I ind  a  fundamcnta ]  sc t  o l  so lu t ions .
W c  s c t  r ' -  r , ( / ) /  r :  t h c n

'  I  t t  I

, y ' :  r ) ' l  '  -  r , l  l ,  
! "  :  u " t  |  , 2 t ,  I  *  2 L , t

Suirst i tut ing for .1,.1, ' .  and _i" '  in Eq. (3 i  )  and col lcct ing tcrnts, wc obtaiu

titl'"'' 'l 

_i'::1,.r,.,":','];ti,i;l 
, ll ,, ,'1,

( 1 2 )

Note  tha t  lhe  coef f i c icn l  o l ' r r  i s  zero ,  as  i1  shou ld  bc :  th is  p rov ides  a  usc l 'u l  check  < tn  our  z r lgebra .
Scpr ra t ine  the  var iab lcs  in  Eq.  (32)  an t l  so lv ine  fo r  r " ( l ) ,we f ind  tha t

r r ' 1 l ;  -  , 1 t l :  '

the  n

r ' ( t )  : l c l r / ] + k .

I t  fo l lows tha t

r , -  l r r r l r  I  k r  t .  ( 3 i )

whcrc c and k arc arhitrarv constants. ' fhe 
second term ()n the r ight sicle of Eq. (33) is a

n tu l l ip lc  o f  l r ( t )  anc l  can  t rc  c l roppcd.  bu t  the  f i rs t  t c rm prov idcs  u  ncw so lu t ion  -y . , (1 )  :  / r / r .
You can vcri l 'v thut thc Wr<lnskian ol ' ,y1 and _v2 is

l 4 / ( 1 , ' . , r ' : ) ( t ) : . l t  r i r .  r > 0 .  ( 3 4 )

C)or rscqucn l ly ,  _ l , r  a l ld  ,y .  fo rnr  a  lund ln rcn ta l  sc t  o f  so lu t ions  o1  Eq.  (31) .

PROBLEMS In each of  Problems 1 through l0 f rnc ' l  the general  so lnt ion of  thc g iven c l i f ferent ia l  equat ion.
l .  r , ' '  2 _ y ' + . y : 0  2 .  9 y "  i  6 , y ' + y : 0
3 .  4 r , , , _ : l r /  *  3 r , _  0  4 .  41 ,  *  l 2y ,+  9_y :0
5 .  : " '  -  2y ' *  l 0 r ,  : 0  6 .  - y "  -  6y ' *  9_ r , : 1 i
L 1t/' + l7.y' + 4.].' : 0 fi. 16.v" 1,24v' * 9_r, : 0
9. 25r"' t11n' 1 41, - 0 10. 2)/' * 2_r,' * _v : 0

In cach of 'Problcms l l  throuch l4 solvc the g iven in i t ia l  va lue problem. Skctch the graph of
thc solut ion ancl  dcscr ibe i ts  behavior  lor  incrc i ts ing / .
I  l .  9 r " '  -  l 2v '  +  4 r , : 0 .  r , ( 0 t  : 2 ,  r , ' ( 0 )  :  - t

72.  t , "  ( r r , ' l  9r ' -  0 .  , t , (0)  :  O.  _v ' (0)  :  2
13.  9_y"  *6-y '  F92,1,  :  0 .  "v(0)  :  -1.  y ' (O) :2

1 4 .  t " ' *  4 v ' *  4 r ' : 0 .  i , ( - - l )  : 2 .  v ' ( - 1 )  :  1
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5rL tS. Consider the init ial value problem

4y" I 12y' + 9y : s, y(0) : 1, y'(0) : -4.

(a) Solve the init ial value problem and plot its solution for 0 < I < 5.
(b) Determine where the solution has the value zero.
(c) Determine the coordinates (ls,ys) of the minimum point.
(d) Change the second init ial condition to y,(0) : b and find the solution as a functiorr
of b. Then find the crit ical value of b that separates solutions that always remain positivc
from those that eventually become negative.

16. Consider the following modification of the init ial value problem in Example 2:

. v '  -  y ' +  0 .25y  :  t ) , Y(0)  :  2 ,  l ' (0)  :  b

Find the solutit ln as a lunction of b and then determine the crit ical value of b that separates
_ solutions that grow positivery from those that eventualry grow negatively.

6L l l . Consider the init ial value problem

4 v " " 1 - 4 y ' + y - 0 , y ( 0 ) : 1 .  y ' ( 0 ) : 2

(a) Solve the init ial  value problcm and plot the solut ion.
(b) Determine the coordinates (ty,yy) of the maximum point.
(c) Change the second init ial  condit ion toy,(0) :  D > 0 and f ind rhc solut ion as a funcrion
of  b .

(d) Find the coordinates (/ /r , ,yM.) ol the maximum point in terms of b. Describe the
dependence of tp7 and I y on b as b increases.

18. Consider the init ial  value problem

9 y "  I l 2 y '  * 4 y : 1 1 ,  / ( 0 ) : a > 0 ,  y , ( 0 ) : - 1 .

(a) Solve the init ial  value problem.
(b) Find the cri t ical value of d that separates solut ions that become ncgatlve from thosc
that are always posit ivc.

i9. I f  the roots of the characterist ic equation are real,  show thal a solut ion of
q/ '  + by' * r l  :  0 is either everywhere zcro or else can take on the valuc zero at mosl
once.

Problems 20 through 22indicale other ways ol ' f inding the second solut ion when the charac-
terist ic equation has repeated roots.

20. (a) Consider the equation y,,  +2at/ + 02y :0. Show that the roots of the characterist ic
equatlon ?re 11 : 12 : -a, so that one solut ion of the equation is e n'.

(b) Use Abel 's formula [Eq. (22) of Section 3.2] to show that the Wronskian of any two
so lu t ions  o f  lhe  g iven equat ion  is

W 1 t '1  :  y t ( t )y2Q)  -  l ' 11) tue)  :  c te -2 , , ,  ,

where ct is a constant.

(c) Letyl Q) - e-at and use the result ofpart (b) to obtain a dif ferential equation satisf ied
by a second solut ion yz ( l) .  By solving this equation, show that y2e) :  te u' .

21 .  Suppose tha t  r r  and 12  f l re  roo ts  o f  a rz+br+c :0  and tha t  r r * rz ;  then exp( r l l )
and exp(r2r) are solut ions of the dif ferential equation ay',  * by, + cy:g. Show that
Q(.t ' .r t ' r) :  [exp(r2l) -  exp(r1)l /Q2 - r1) is also a solut ion of the equation for 12 f 11.
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Thcn th ink  o f  11  as  f i xed  and use L ' l losp i ta l ' s  ru lc  to  eva lua tc  the  l im i t  o f  g f  ( / ; r r . r : )  as
12 + rr i  theleby obtaining the second solut ion in lhe casc of cqual roots.

22 .  (a )  I f  a rz  +  h r  . l  c  :0  has  cqua l  roo ls  r r .  show tha t

I ' f t t l :  a ( .c " ) "  +  b (e ' ) '  +  r 'e ' t  :  o ( r  -  r ' t ) !e " .  ( i )

S incc  thc  r igh t  s idc  o f  Eq.  ( i )  i s  zero  whcn r  :  r t , i l  fo l lows tha t  cxp( r1  t )  i s  a  so lu t ion  o f

L I r l  : u v " * b y ' * r : y : 9 .
(h )  D i f fe ren t ia te  Eq.  ( i )  w i th  respec t  to  r  and in te rchange d i f fe ren t ia t ion  w i th  rcspec t  to
r  and w i th  rcspec t  to  I .  thus  showins  tha t

; l  [ a  I
= t ' l r "  l :  1 ,  I  ; . " ' l :  L l t e " l :  u t e " ( r  -  r r ) 2  +  2 t t e " ( r  *  r t ) .  ( i i )
( l t  L , t r  _ l

S incc  thc  r igh t  s ic lc  o f  Eq.  ( i i )  i s  zero  whe n  r .  :  , ' r  ,  c ( )nc ludc  tha t  /  t :  xp( r r  1 )  i s  r l so  n  so lu t ion

o l  L [ v l  :  Q .

Lr each ol I 'nrblerns 23 through f0 use thc mcthod ol reduction o[ order to l ind a second
so lu l ion  o f  the  g iven d i l le ren t ia l  equat ion .

23. t?1"'  . l t i , '  l  6_v - 0. t  : '  0: -yr(r) -  l r

2 1 .  r ) v ' '  * 2 t v '  -  2 v : 0 ,  r  >  0 ;  I r ( / ) :  /

2 .5 .  / r r , "  +  3n ' - l  I  -  0 .  r  > ,  0 :  1 , ' ( t )  - ' -  / - r

2 6 .  t ) t t , , _  / ( r + 2 ) . r ) ,  I  ( r + 2 ) y : Q .  I  > 0 ,  I r ( / ) : r
27 .rtr ,  .1, '  a zf.r-r l ,  -  0. ,r  > 0: .y1(-r) :  sin.r2

28. (-r: I )-r" -r_i,' + )' : 0, .r >. l; -yr(-v) : c\

29 .  . r r l . "  -  ( , r  -  0 . l l l 75)y :  t l .  x  >  0 :  ,y r (x )  : , r r / ' l c r ! / '

30 .  - r : - r , "  + r -y '+  ( r :  0 .25) -v :0 .  r  >  0 ;  -y r ( . r )  -x  1 /2s in - r

. i l .  l l r e  d i l [ e  r e  n t i r l  e q u r r t i o n

" r 1 / ' -  ( x  *  N ; - 1 "  *  N v : 0 ,

wherc N is ir  nonneg,ative intcger. has been discusscd by scvcral authors.( '  C)ne reason
whv i t  i s  in te res t ing  is  tha t  i t  has  an  exponent iz r l  so lu t ion  and a  po lvnonr ia l  so lu t ion .

( i r )  Ve  r i f v  tha t  onc  so lu t ion  is  _v1( - r )  :  s ' .

(b) Show thal a scconcl solut ior-r has thc form v1{-l  )  :  .1" /  r ' ' \  t '  '  , /r .  ( lalculatc rr ' (x) for
,l

N  :  I  a n d  N  : 2 ' , c o n v i n c e  y o u r s c l f  t h a t . w i t h  c :  - l / N ! .

\ " ( r l : 1 ,  I  +  
t t  

' . . . +  
t '

I :  2 !  N !

N o t e t h a t l , , ( r ) i s e x a c t l y t h e f i r s t N +  l t c r m s i n t h e ' l h y l o r s e r i c s a b o u t x : 0 l o r e ' . t h a t
is. tor rr r  (- i  ) .

. 1 2 .  l h c  d i l l e r e n t i a l  c q u a l i ( ) n

,t" '  * d(xv' +.y) - 0

arises in thc study of the turbulent f low of a uniform stream past a circular cyl inder. Verify

l l iat y1(r) :  exp( 3.r272; is onc solut ion and then f ind the general solut ion in the form of

an integral.

" ' I l  A.  Nowton.  "On Using a Di l lerent ia l  [ 'quat ion to Generate Polynomials."  Atncr icLut  Muthernut ical

Monthl l '  8 , t  ( i97a).pp.  592-601. Also sce the re lerences given there.
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33' The method of Problem 20 can be extended to second order equations with variable
coefficients. If y1 is a known nonvanishing solution of y,, + p(t)y, + SG)y:0, show that
a second solution y2 satisfies (lz/y)' : W(yt,y)lyl, where W(yt,y) is the Wronskian oI
l1 and y2. Then use Abel's formula [Eq. (22) of Section 3.2] to determine y2.

In each of Problems 34 through 37 use the method of Problem 33 to find a second inclependent
solut ion of  the g iven equat ion.
34.  t2y"  *3ry '  +y :  0 ,  r  > 0;  l t | )  :  t -1
35. ty" - y' + 4t3y - 0, 1 > 0; yt (r) : sin(12)
3 6 .  ( x - 1 ) y " - x y '  * y : 0 ,  - r > 1 ;  f t @ ) : d
37 .  xzy "  +xy '+ (x2  -0 .25 )y :0 ,  r  >  0 ;  y r ( x ) : x  r / 2s inx

Behavior ofSolutions as t -+ oo. Problems 38 through 40 are concerned with the behavior
of solutions as / -+ oo.
38' If a, b, and c are positive constants, show that all solutions of ay" r by, -t c1t: 0 approach

zero as a --) oo.

39 .  (a )  l f a  >  0andc  >  0 ,bu tb :0 , showtha t the resu l t o fp rob lem3g isno lonse r t rue .bu t
that all solutions are bounded as / -+ oo.
(b )  I f a  >  0andb  >  0 ,bu tc :0 , showtha t  t he resu l t o fP rob lem38 isno longe r t rue ,bu t
that all solutions approach a constant that depends on the init ial conditions as / -+ oo.
Determine this constant for the init ial conditions y(0) : ys,y,(0) : yi .

40. Show that y : sin I is a solution of

y" + (k sin2 /;y' + (1 - k cos / sin l)y : t l

foranyvalue of the constant ft . If 0 < k < 2,show that 1 - k cos / sin / > 0 and k sin2 / > 0.
Thus observe that even though the coeflicients ofthis variable-coefficient differential equa-
tron are nonnegative (and the coefficient of y' is zero only at the points t : 0, r ,2r , . . .),
it has a solution that does not approach zero as I + oo. Compare this situation with the
result of Problem 38. Thus we observc a not unusual situation in the study of differential
equations: equations that are apparently very similar can have quite different properties.

Iluler Equations' In each of Problems 41 through 46 use the substitution introduced in prob-
lem 34 in Section 3.3 to solve the given differential equation.
47 .  t 2y "  -3 t y ' ] _4y :0 ,  /  >  0
42.  tzy"  +2ty '  + 0.25y:  Q,  /  > 0
4 3 . 2 t 2 y "  - 5 t y ' +  5 / : 0 ,  /  >  0
4 4 . t 2 y " * 3 t y ' * y : Q ,  t > 0
45. 4t2y" -8ty' + 9,y: O, / > 0
4 6 .  t 2 y "  + 5 t y ' +  1 3 y : Q ,  /  > 0

given (continuous) functions on the open

Lly) : y" + p(t)y' I q(t)y : e,

( 1 )

interval 1. The

15 Nonhomogeneous Equations; Method of Undetermined Coefficients

We now return to the nonhomogeneous equation

LIyl  :  y" + p(t)y '  *  q(t)y:  g(t) ,

where p. q. and g are
equation

(2)


