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note that i f  thc rcal part of the roots is zero. as in this example. then there is no exponential

factor in rhe solut ion. Figurc 3.3.3 shows thc graph of two typical solut ions of Eq. (2t3). In each

case thc solut ion is a pure osci l lat ion whosc ampli tude is determincd b1' thc init ial  condit ions

Since there is no exponential lactor in the solut ion (29), the an.rpl i tude of each osci l lat ion

remains constant in t ime.

. - - - _

PRQBLEMS In each of Problems I through 6 use Euler's lormula to write the given expression in the form

"  
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I n  e l ch  o f  P r6b len t s  7  t h roug l r  l 6  f l nd  t hc  gcne ra l  so l u t i on  o l ' t hc  g i vcn  d i f f e r cn t i a l  equa t i on .

'7. 
)t' 

- )y/ 1 ),yt : (\ 8. r"' - 2-y' * 6y : 0

( ) . ) / ' + 2 . 1 " - 8 _ y - Q  1 0 . - v " + 2 1 , ' + 2 v : o

I 1. -v" + 6-v' + l3-v : 0 12- 4v" + 9Y : i)

13 .  , v "  +2v ' l  1  25 .v :0  14 .  9 -v "  *9 -v '  4 r l  -  0

l - 5 .  r , " * _ v ' * 1 . 2 , 5 _ y : 0  l ( r .  _ y " * , 1 y ' + 6 . 2 - 5 - v - 0

ln cach o[ Problclts 17 through 22 ltncl t l.rc solulion of thc givcn init ial value prohlcm. Sketch

the graph of t lre solution and dcscribc its behavior fttr ittct casiug r.

11 . 1"' + 4r' _- 0. ,v(0) : 0' r"(0) - 1

l i i .  -v"  *  4v '*  -5--v  :0,  Y(0)  :  1 .  .v ' (0)  :0

19.  -v"  -  2-v '  + 51 '  :  0 ,  \ ' (n  12)  :0,  Y ' ( t r  l2)  :  2

20. Y" 'F Y : 0. v@ 13) - 2. Y'(n 13) : -4

21 .  Y "  *  u '  *  1 .25 " -  : 0 .  r , ( 0 )  : 3 .  Y ' (0 )  :  I

22 .  t '  I 2u ,  1  11 , :0 .  y ( t 14 )  -2 .  ) , ' e r l 4 l :  - ? ,

6Q Z-l f lonsider the init ial valuc problcm

\ t , ,  -  r i  * 2y  : 0 .  u (0 )  - -  2 .  l ' ( 0 )  :  0 .

(a) I '- incl the solulion rr(t) of this problem.

(b)  For  I  > 0 l ind the l i rs t  t imc at  which l t t ( l ) l  :  10.

6Q Zq. Considcr the init ial valuc problenr

5 L i '  + 2 u ' * 7 u : 0 .  I t ( O ) : 2 ,  r r ' ( 0 )  :  l

(a)  F ind the solut ion I r (1)  of  th is  problem.

(b )  F ind  thesma l l es t  Tsuch  tha t  l r r ( t ) l ' :  0  1  f o ra l l  t  >  T .

"r{O. 25. (lonsider the init ial value problem
Q:/ v -'

) t '  + 2 y ' *  6 y  : 0 ,  - v ( 0 )  : 2 ,  1 " ( 0 )  :  a  >  0 .

(a) Find the solut ion y(l)  of this problern.

( b )  F i n d a  s o t h a t  v  :  0 w h e n /  :  l .

(c) Fin<1. as a function of a. the smallest posit ive value of t  for which ,v :  0'

(d) Determine the l imit of Lhe expression found in part (c) as o + co.
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6L ZA Consider the inrtial value problem

!"  *2ay '  *  (a2 + l )y :0,  _y(0)  :  1 ,  -y , (0)  :0 .
(a) Find rhe solution y(t) of this problem.
(b) Fora: 1 find the smallest Z such thar l),(r)l < 0.1 for I > Z(c)  Repeat  par t  (b)  for  a :  l /4 ,112,and2.

f9l#::t 
tn" results of parts (b) and (c), plot z versus a an<r oescrbe the reration betweer

27. Show that W 1gt, cos 1,tt, ei, sin pt) : pe2\, .
28' In this probrem we outrine a different de'vation of Euler,s formura.(a) Show thary,, t y:n,,n,,,{ll?.iil:J.;:f #:h,lil ffi;,iil:,xTij::fi: r"::,;Jl::, .,

(b) Show (formally) that y _ er, is also a solut ion of y,,  +-y :  0. lherefore

" i r  
:  c1  cos l  {  c2  s in /  

( i )
for some constants c1 and c2. Why is this so?
(c )  Ser  /  :  0  in  Eq.  ( i )  to  show tha t  c r  :  1 .
(d) Assuming that Eq. (14) is true, dif ferenriare Eq. ( i)  and then ser /  :  0 to conclude thatcz : i .  Use the values o1 c1 and c2 in Eq. ( i)  to arr ive at Euler,s formula.29. Using Euler 's formula, show that

cos / :  (e i '  +e- i , ) /2 ,  s in / :  (e , /  _  e .  i , ;12 i .

30. I f  e" is given by Eq. (13), show that e(rr l . , :)
31. l f  e" is given by Eq. (13), show that 

|  :  stt t  
"r11 

for any complex numbers 11 and 12.

for any complex number r.
32  Le t  lhe  rea l -va lued, func l ions  p  and q  be .conr inuous  on  the  open ln te rvar  / ,  and le ty :  0(t) :  u(t) * iu(r) be a complex_valued solut ion of

r "  +  P( t )Y '  +  q ( t )y  :0 ,  
( i )

where r'r and u are real-valued functions. Show that u and uare also solutions of Eq. (i).' I1inL' substi tute y :  Q() in Eq- ( i)  
""J."p".r," 

into real and imaginary parts.33. I f  the functions yt and 12 are a fundament
show that betweenrhat this resurr is'r::;',::il;:"J;,,':,:li:,|:,.,":ili"ryi"J"i''I:'!.!:;i:''f",?
l "  * y : g .  

u r  r ' L s u r u t r o n s / l ( / ) : c o s / a n d y 2 ( l ) : s i n / o f t h e e q u a t i o n

Hinr: Suppose that 11 and /2 are two zeros or.y1 between which therApply Rolle's theorem to yt/yzto reach a contradiction. 
'e are no zeros of y2.

change of variabres. Sometimes a differentiai equation with variabre coefficients,

l" + P1t'|Y' + q(t)y :0, 
(i)can be put in a more suitabre form for finding a sorution by making a change of the independentvariable. we exprore these ideas ir p.;;i;il;; throysh 46. In*particuiar, rn probrem 34 weshow that a class of equations known 

"; 
E;i;;;qr"tions can urounrio._ed into equationswith constant coefficients by u 'i-pt" 

"trunf,J#tir,no"p"no""t "u.r"ir"lroblems 35 throush

d-; e" : re''
at
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42 are examples of this tvpe of equation. Problem 43 determines condit ions ur.rder which the

more general L,q. ( i)  can be transformed into a dif ferential equation with constant coeff icients.

Problerns 44 through 46 give spccif ic appl icat ions of this procedure.

34. Buler Equations. An cquation of the forn.r

f  l+  + or ' l i "  + / ;1 , :0 ,  /  >  o.  ( i i )
A l  ( l l

where cr and 19 arc real constants. is cal led an H,ulcr equation.

(a )  Le t r :  ln l  anr l  ca lcu la lc  r l r ' /d l  and d2 t ' ld t )  in  tc rms o l 'd \ ) ldx .n ,1  ,7 r l1 r l - r r .

(b )  Usc  the  resu l ts  o f  par t  (a ) to  t lans l i r r rn  Eq.  ( i i )  in to

(  i i i )

Ohserve  tha t  F .q .  ( i i i )  has  cons tan t  coe l l i c ien ts .  i l ' y r  ( r )  and l : ( " r )  fo rm a  lundatnenta l  se t

o f  so lu t ions  o f  t rq .  ( i i i ) .  thcn  1 , , ( ln  t )  and . -v . ( ln  r )  fo rm a  func lamenta l  se t  o f  so l r t l ions  o f

E q .  ( i i ) .

In cach ol 'Probleurs 3-5 through 42 usc thc ntcthocl of Problcrn 34 lo solvc the s, ivctt  ct l t t l l t iot l

l o r t > 0 .

, / r  t '  , l v- , , - r , ,  
l t l ; * 1 i r ' - . t )

r , l1  nX

35. t2r," + /r ' '  + r, : 0

31 . t) 1,-" + l1,y' + 1.2-5y, : ()

39. t-r," Orn' 1 6y : 0

41.  t? t / '  I  i1r , '  .  3v :  0

36. tr,-,, + .l lv, + 21, : 0

i8.  l r r , "  4 t .v '  6v :  ( )

40. rry" - /v' + 5-v : 0

41 .  r - r " '  r  7 r r "  r  l o r '  { )

d-r dt,' ac , i ,

43.  I1 th is  pnrb len t  we c le te rminc  cond i t ions  onp and z7  tha t  cnab lc  I -q .  ( i )  to  bc  t rans forn tcc l

into an equation with constant coefl icicnts by a changc of thc independcnt variablc. Let

. r  :  r r ( r )  be  the  ncw inc lepcnden l  var iab le .  w i th  the  re la t ion  bc tween x  and /  to  be  spec i l ied

la tc r .

(a )  Show tha t

dt' dr dv

l r  
-  

d r  d x '

(b) Shor.r '  that thc cl i f fcrcntial ccluation ( i)  bcconrcs

(  i v )

(c) In orcier lor Eq. ( iv) to have constant coetf icicnts. the cocff icients ol r lrr , /r /xr and ol i ,

mus l  bc  p ropor i iona l .  l l ' 17( / )  >  0 ,  then wc can choose the  cons tan t  o f  p ropor t iona l i t y  to

l rc  1 ;  hcncc
f

r . -  r r ( r )  -  
. l no \ ' / t  

a r .  ( v )

(d) with x chosen as in part (c). show rhat the coefl icient of dylt l r  in Eq. ( iv) is also a

constant. provided that the expression

q ' ( t )  i  Zp f t )q ( t )

ffi 
(vi)

is a constant. Thus Eq. ( i)  can bc transformed into an equation with constant coelf icients

by a change o[ the indepenclcnt variable, provided that the function Q1' +2pt1;lq] l)  is t t '

constant. How must this result be modil led i f  q( l)  < 0'1

, i l l '  7  r / x  \ r  r l r t '

,r , ,  :  \zi  ,n,

('j:)' :i;: (i,l '| P,,rll,) i l i , ,,,,, ' - "
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In each of Problems 44 through 46 try to transform the given equation into one with constant
coefficients by the method of Problem 43. If this is possible, nnO ttre general solution of thc
given equation.

44 .  y "  + t1 , '  +e - ' 2y  : g ,  *oo  < /  <oo
45 y" -t3ty' 1 t2y :g, -oo < / < oo
4 6 .  t y "  + ( r 2  * 1 ) y ' + r 3 y : 0 ,  o  <  /  <  o o

3.4 Repeated Roots; Reduction of Order-

E X A M P L E

1

ln earlier sections we showed how to solve the equation

ay" + b1,'* cy : 6

when the roots of the characteristic equation

a r z + b r + c : 0

( 1 )

(2 )

either are real and different or are complex conjugates. Now we consider the thircl
possibil i ty, namely, that the two roots / '1 and 12 are eQual. This case is transitional
between the other two and occurs when the discriminant b2 * 4ac is zero. Then it
follows from the quadratic formula that

r t  :  12 :  - b l2a .  (3 )

The diff iculty is immediately apparent; both roots yielcl the same solution

I r ( l ) :  
" - b t / 2 a

of the dif ferential equation (1), and i t  is not obvious how

Solve  lhe  d i f le ren t ia l  equat ion

y " + 4 y ' - t 4 y : g .

The characteristic equation is

1 2 + 4 r * 4 = t r j 2 r r = 0 ,

So 11 : rz : -2. Therefore one solution of Eq. (5) is y1 (l) : e -2, . To find the general solution
of Eq' (5)' we need a second solution that is not a multiple of y1. This second solution can
!1 fgunO in several ways (see Problems 20 through 22);here *" u." a method originated by
D'Alemberts in the eighteenth century. Recall that since y1(r) is a solutron of Eq. (l), so is
cy1 (r) for any constant c. The basic idea is to generalize this observation by replacing'c by a

(4)

to find a second solution.

(5 )

, ,
':.t

i .

ii
:]t

j.
t'
i;

*'

sJean d'Alembert (1711-1783), a French mathematicran, was a contemporary of Euler and Daniel
Bernoulli and is known primarily for his work in mechanics and differeniial equations. D,Alembert,s
principle in mechanics and d'Alembert's paradox in hydrodynamics are namej for him, and the wave
equation first appeared in his paper on vibrating strings in 1747. rn his later years he devoted himsell
primarily to philosophy and to his duties as science editor of Diderot's Encvctioldie.


