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PROBLEMS In each of Problems 1 through 6 find the Wronskian of the given pair of functions.

TEEEEREREEEE |, oY, M2 2. cost, sinr
3.0, et 4. x, xe*
5. e'sint. e cost 6. cos?6, |+ cos26

In each of Problems 7 through 12 determine the longest interval in which the given initial value
problem is certain to have a unique twice differentiable solution. Do not attempt to find the
solution.

7.0 +3v =1, yh=1. yh=2
8. (1t —1y" =31y + 4y = sint, v(-=2y=2, y(=2) =1
Ol -4y £33y 1Ay =2, y3) =0, yv(3) =-1

10. y" + (cos )y + 3(n [ty =0, y2)y=3 v =1

H. (x =3)" +xy + (njxpy = 0, yh =0, y@)=1

12. (x =2)y" + v + (x = 2)(tanx)y = 0, y3) =1L yv3 =2

13. Verify that y,(t) = # and ya(t) = 17! are two solutions of the differential equation
'y’ - 2y = 0 for ¢ = 0. Then show that y = ¢;1* + 2" is also a solution of this equa-
tion for any ¢; and ¢,.

14. Verity that v (1) = | and y,(1) = '/ are solutions of the differential cquation
yv' + (v =0 for t > 0. Then show that v = ¢; + ¢2f'/2 is not, in general, a solution of
this cquation. Explain why this result does not contradict Theorem 3.2.2.

15. Show that if y = ¢(¢) is a solution of the differential equation y” + p(0)y” + q(t)y = g(0).
where g(r) is not always zero, then v = ¢¢ (1), where ¢ is any constant other than 1,is not 4
solution. Explain why this result does not contradict the remark following Theorem 3.2.2.

16. Cany = sin(/%) be a solution on an interval containing ¢ = 0 of an equation
¥+ p(Oy + q()y = 0 with continuous coelficients? Explain your answer.

17. 1f the Wronskian W of f and g is 3¢, and if f(1) = ¢*.find g(1).

18. 1f the Wronskian W of f and g is £2¢', and if f () = ¢, lind g(0).

19. 1f W(f.g) is the Wronskian of f and g, and if u = 2f — g.v = [ + 2g. find the Wronskian
W, v) of 1 and v in terms of W(f, g).

20. If the Wronskian of f and gistcost — sint,and ifu = f + 3g,v = f — g.find the Wronskian
of 1w and v.

21. Assume that y, and y; arc a fundamental set of solutions of ¥y + p(n)y' + ¢(t)y = 0 and
let vy = a1y + axv; and yy = by, + Daya, where ay, ap, by, and by are any constants. Show
that

W(vs.ya) = (a1by — axb )Wy, ya).

Are y; and yy also a fundamental set of solutions? Why or why not?
In cach of Problems 22 and 23 find the fundamental set of solutions specified by Theorem 3.2.5
for the given differential equation and initial point.
22,9+ v =2y =0, =10
23V + 4y + 3y =0, =1
In cach of Problems 24 through 27 verify that the functions y; and y- are solutions of the given
differential equation. Do they constitute a fundamental set of solutions?
24 v+ 4y =0; V(1) = cos2t,  ya(t) =sin2t
25. VvV =2V +v=0; i) =¢, v =te
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26. X*y" — x(x + 2y +(x+2)y=0, x>0 Vi) =x, y(x) = xe
27. (1 — xcotx)y” —xy+y=0, O<x<n; yi(x) =x, y)(x) =sinx

28. Consider the equation Y =y =2y=0.
(a) Show that y,(¢) = ¢~ and y2(t) = €% form a fundamental set of solutions.
(b) Let y3(5) = —2€¥, yo(t) = y1 (1) + 2y,(1), and Ys(0) = 2y1(1) — 2y3(0). Are ys(2), ya(t),
and ys(¢) also solutions of the given differential equation?
(c) Determine whether each of the following pairs forms a fundamental set of solutions:
D@,y D1, [y2(0,y30) [y1(0), ya(t): a0, ys(0)).

In each of Problems 29 through 32 find the Wronskian of two solutions of the given
differential equation without solving the equation.

29. 2y — 1t + 2y +(t+2)y=0 30. (cost)y” + (sint)y’ — ty =0

3L X3y 4 xy + (12 — vy =0, Bessel’s equation

320 (1= XDy —2xy + (e + 1y =0, Legendre’s equation

33. Show that if p is differentiable and p(t) > 0,then the Wronskian W (1) of two solutions
of [p(Y'Y +q(t)y =0is W(t) = ¢/p(t), where ¢ is a constant.

34. If y; and y, are a fundamental set of solutions of ry” + 2y + te'y =0 and if
Wy, y2(1) =2, find the value of Wy, v2)(5).

35. If y and y, are a fundamental set of solutions of 2y” —2y' 4+ (3 4 By =0 and if
W (y1,y2)(2) = 3, find the value of Wy, y2)(4).

36. 1f the Wronskian of any two solutions of y" + p()y' + q(t)y = 01is constant, what does
this imply about the coefficients p and ¢?

37 1f f, g, and h are differentiable functions, show that W (fg, fh) = W, h).

In Problems 38 through 40 assume that p and g are continuous and that the functionsy; and

¥z are solutions of the differential equation y” + p()y’ + g(t)y = O on an open interval /.

38. Prove thatify, and y, are zero at the same pointin /, then they cannot be a fundamental
set of solutions on that interval.

39. Prove thatif y, and ¥2 have maxima or minima at the same pointin /, then they cannot
be a fundamental set of solutions on that interval.

40. Prove that if y; and ¥2 have a common point of inflection ty in 1, then they cannot be
a fundamental set of solutions on / unless both p and ¢ are zero at ty.

41. Exact Equations. The equation P(x)y" + Q)Y + R(x)y = 0 is said to be exact if it can
be written in the form [POOYT + If (x)y) = 0, where f ) is to be determined in terms of
P(x), Q(x), and R(x). The latter equation can be integrated once immediately, resulting
in a first order linear equation for y that can be solved as in Section 2.1. By equating the
coefficients of the preceding equations and then eliminating f(x), show that a necessary
condition for exactness is P'(x) — Q'(x) + R(x) = 0. It can be shown that this is also a
sufficient condition.

In each of Problems 42 through 45 use the result of Problem 41 to determine whether the
given equation is exact. If so, solve the equation.

2.y +xy +y=0 43. ' 4+ 3x%y +xy =0
44, xy”—(cosx)y’+(sinx)y=0, x>0 45. xzy”+xy/—y:0, x>0
46. The Adjoint Equation. If a second order linear homogeneous equation is not exact, it

can be made exact by multiplying by an appropriate Integrating factor 4(x). Thus we
require that u(x) be such that HX)P)Y" + pn(x)Q)y + H(xX)R(x)y = 0 can be written



e

1.3 Complex Roots of the Characteristic Equation 157

in the form [ (P@)YY + [f()y]” = 0. By equating coefficients in these two equations
and eliminating f{x), show that the function x4 must satisfy

Pu'+ QP — Q' + P —Q + Ryu=0.

This equation is known as the adjoint of the original equation and is important in the
advanced theory of differential equations. In general. the problem of solving the ad-
joint differential equation is as difficult as that of solving the original equation, so only
occasionally is it possible to find an integrating factor for a second order equation.

In each of Problems 47 through 49 use the result of Problem 46 to find the adjoint of the given
differential equation.

47. Xy +xv 4 — vy =0,  Bessel’s equation

48. (1 —x )" = 2xy + oo + Dy =0, Legendre’s equation

49, v' —xy =10, Airy’s cquation

50. Tor the second order lincar equation P(x)y" 4 Q(0)y -+ R(x)y = 0,show that the adjoint
of the adjoint equation is the original equation.

51. A sccond order linear equation P(x)y" + Q(x)y + Rx)y = 0 is said to be sclf-adjoint if
its adjoint is the same as the original equation. Show that a necessary condition for this
equation 1o be self-adjoint is that 7'(x) = Q(x). Determine whether cach of the equations
in Problems 47 through 49 is self-adjoint.

" Complex Roots of the Characteristic Equation

We continue our discussion of the equation
ay’ + by +cy =0, (1)

where a, b, and ¢ are given rcal numbers. In Section 3.1 we found that if we seck
solutions of the form y = ¢’, then r must be a root of the characteristic cquation

ar® 4+ br +c¢ = 0. (2)

If the roots r; and r» are real and different, which occurs whenever the discriminant
b? — 4ac is positive, then the gencral solution of Eq. (1) is

y = (,'1(”1[ + (,‘201‘2[. (%)

Supposc now that b* — 4ac is negative. Then the roots of Eq. (2) are conjugate
complexnumbers; we denote them by

ro= A4 i, ry = A, (4)
where % and p are real. The corresponding expressions for y arc
yi() =expl(A +ipw)l,  ya(0) = explr —iw)t]. (5)

Our first task is to explore what is meant by these expressions, which involve evaluat-
ing the exponential function for a complex exponent.  For example, if
)= —1,u =2, and ¢ = 3, then from Eq. (5),

yi(3) = e (6)



