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PR0BLEMS ln cach of Problems
l ,  ( ' - .  ( '

i .  , '  
' ' ,  

/ r ' - l '

5 .  c t s i n  / .  e ' c o s  I

I  through 6 f ind the Wronskian of the given pair of functions.

2. cos t.  sin t

1. x, ,rc '

6. cos2 {r,  I  * cos2d

In each of Problems 7 through 12 determine the longest interval in which the given init ial valuc
prohlem is certain to have a uniquc twice differentiable solution. Do not attempt to find thc
solu l  ior r .

7 .  t t "  +  3 r ' :  / ,  ) , ( l )  :  l .  y ' ( l ) : 2

8. (/ I ),v" 3r-v' + 4y : sin /, y(-2) :2. \/ (-2) : 1

9 .  I ( t  - 4 ) v "  *3 r - r "  i  4 t '  : 2 ,  y (3 )  :  0 ,  y ' ( 3 )  :  - l

10 .  r , "  *  ( cos r ) . r "  +  3 ( l n  l r l ) v :0 ,  _v (2 )  : 3 ,  , v ' ( 2 )  :  t

11 .  1 , r  3 ) r / ' +x_ r , ' I  ( l n  | , r l ) r , : 0 ,  , r , (  l )  : 0 .  l ' ( 1 )  -  I

12 .  ( , r  -  2 ) r " ' * - r "  +  ( . r  -  2 ) ( t anx ) - v :0 .  y (3 )  :  l ,  r , ' ( 3 )  : 2

13.  Ver i fy  that  _ i ' lQ)  -  i  nn,1 l " ( / )  :1  I  are two solut ions of  the d i l lercnt ia l  equat ion
i t " '  2 t ,  - 0 f o r t : - 0 .  T h c n s h o w t h a t  ! : t ' t t !  ' 1 - c 1 1 - - r  i s a l s o a s o l u t i o n o f  t h i s e q u a -
t i o r t  l ' o t  i l n !  r ' 1  i l l l d  t  1 .

14.  Ver i f -v  tha t  l r ( r )  :  I  and  ,y : ( l )  :  / r " r  a re  so lu t ions  o{ ' thc  d i l l ' e rsn t ia l  cquat ion

.1 ' - r , "  11 .v '11  :0  fo r  t  >  0 .  
' Ihcn  

show tha t  v :  c r  * r ' , r l l 2  i s  no l .  in  genera l .  a  so lu t ion  o f

th is  c r lu l l ion .  Exp la in  why th is  rcsu l t  docs  no t  con t tad ic t  Thcorem 3 .2 .2 .

15 .  Shcrw tha t  i t  . y :  d ( l )  i s  a  so lu t i< ln  o l  thc  d i f f c ren t ia l  equat ion  y "  t  1 t ( t )1 /  - f  q ( t )_ t ' :  g ( l ) .

whcre ,q(/) is not always zero. then ,v :  csi ( I) .  where c is anv constant othcr than I ,  is not a

so lu t ion .  Exp la in  why th is  rcsu l t  does  no t  con t r i id ic t  the  remark  fo l low ing  Theorem 3 .2 .2 .

16. Car.r _r,- :  sin(12) bc a solut ion on an interval containing / :  0 of an cquation

)," + pQ\y' -F r/(/)_t,  :  0 with continuous coefi icients' /  Explain your answer.

17. I f  thc Wronskian l ,V of I '  and g is 3ca'.  and i f  f  (1) - c2'.  f ind ,q(1).

18 .  l l  the  Wronsk ian  W o l  /  i rnd  g  i s  / r . " ,  und i t  /  ( l )  :  l ,  l i nd  g ( l ) .

I 9 .  f l ' f V ( / . s ) i s t h e W r o n s k i a n o f  f  a n c 1  , q . a n d i l u : ) f  - 8 . r -  | + Z g , f i n d t h e W r o n s k i a n
W(r r .  r ' )  o l ' r r  unr . l  r  in  tc rn rs  o f  lV( f ,g ) .

2 0 .  I l t h c W r o n s k i a n o f . f  a n d g i s t c o s / - s i n l . a n d i f r r : /  + 3 g , r , : . 1  -  g . f i n d t h c W r o n s k i a n

of  r r  and r r .

2 1 .  A s s u n r c t h a l y 1  i r n c l  . t r , u l - c i l l u n d u m c n t a l  s c t o l ' s o l u t i o n s o f  _ y " + p ( / ) r , ' + t t 1 ) y : 0 a n d
le t ,v :  -  o ty t  +  u1 \ ' )  andya :  b1y '1*  I t2yz ,whcre  a1 ,a2 ,D1,ar ld  b2  arc  an t  cons tan ts .  Show

t  ha t

WCt ' . , ._y .1 )  -  (u1 l t l  a2b1)W(y1,_y . , ) .

f i re yq and _y4 also a fundamental sot of solut ions'/  Why or why not '?

ln each oI l ' robienrs 22 an<|23 f ind thc lundarncntal set of solut ions spe cif  re d by Theore m 3.2.5

l 'or the givcn dif lerential equation and init ial  point.

22. ,t{ a ,t' 2y : O. t,, : 0

23. v" +, i_v'+ 3y - 0. to :  I

ln cach o[ Irroblems 2:1 through 2T vcri fy that the functions -r,r and y,2 are solul ions of the given

differential equation. Do they consti tute a Iundamental set of solut ions'/

2 1 .  t "  *  4 _ r , : 0 :  _ y r ( t ) :  c o s 2 l ,  _ y , ( t ) :  s i n 2 r

2 5 .  t , "  -  2 r ' * r ; : 0 ;  ! r Q ) :  e '  ,  y 2 ( . t ) :  r c r



26. x2y" - x(x * 2)y, -t (x * 2)y : e, x
27. (1 - xcotx)y" - xy, + y :e, 0 < x

In each of Problems 42
given equation is exact.
4 2 . y " + x l ' J ! : e

44. xy" - (cos,r)y,* (sin.r)y: Q, x >

through 45 use the result of problem 41 to determine whether the
If so, solve the equation.

Chapter 3. Second Order Linear

> o;  ! tQ) :  x ,  lze)  :  xd
< 7r; lt(x) : x, -!z(-r) : sinx

4 3 .  y , , + 3 x 2 y , ! x l : 0
0  4 5 .  x , y " + x y , _  y : 0 ,  x > 0

28. Consider the equation y,, _ y, _ 2y : O.
(a) Show that )1 (/) : e-r and yz1) : e2, form a fundamental set of solutions.
(b) Let hQ) : -2e2t , yoQ) : vrt) -t 2vzQ),11d vr(r) : 2vr(t) - 2vt(t). Are v3(/), y4(r),and ys(r) also solutions of the given differential equation?
(c) Determine whether each of the following pairs forms a fundamental se1 of solutions:
Lyr0,yz( t ) l :  ty2e) ,hQ\;  [y te) ,yr0\ ;  Lyt \ t ) ,yse) ] .

In each of Problems 29 through 32 find the wronskian of two solutions of the givendifferential ecluation without solving the equatron.
2 9 .  t z v "  - t ( t + 2 ) y ' * ( t r 2 ) y : 0  3 0 .  ( c o s r ) y , , *  ( s i n r ) y ,  _ t y : 0
37. xzy" + ry' + 1x2 - v21y - 0, Bessel,s equatron
32. (1 - x2)y" - 2xy' t u(a * 1)y : Q, Legendre's equation

33 Show that if p is differentiable and p(r) > 0, then the wronskian I4l11) of two solutionsof [p(t)y'] '  + q(t)y: 0 is I4l(l) : c/p(t),wherc c. is a constanr.
34.  l f  y1 and y2 are a fundamental  set  of  so lut ions of  ty , ,  +2y,  I  te ty :0 and i fW(yt ,y) (1) :  2 ,  f ind the value of  W(y1,yz)(5) .
35. If y1 and y2 are a fundamental set of sorutions o[ f y,, - 2y, +(3 * r).v:0 and ifW (yt,y)(.2) : 3, f ind the value of W (y1,y)().
36' If the wronskian of any two sorutions of y" + p(t)y, + q(t)y: 0 is constant, what doesthis imply aboul the coefficients p and q,/
37. lf f ,g,and ft are differentiable funcrions, show that W(fg,:th) : f2W@,h).
In Problems 38 through 40 assume thatp and 4 are continuous and that the functionsyl and
),2 are solutions of the differential equation 1,, I p1t\y, + q(t)y: 0 on an open interval _I.
38' Prove that ifyl andy2 are zero at the same point in /, then they cannot be a fundamentalset of solutions on that interval.
39' Prove that if y1 and y2 have maxima or minima at the same point in 1, then they cannotbe a fundamental set of solutions on that interval.
40' Prove that if y1 and y2 have a common point of inflection 41 in 1, then they cannot bea fundamental set of solutions on 1 unless both p and q are'zero' ar t0.

41. Exact Equations. The equation p(x)y,, + e@)y,* R(_r)y : 0 is said to be exact if i t canbe written in the form IP(x)y'l '  * VG)yl,* 0, where/(x) is to be determrned in terms ofP(x),Q@), and R(-r). The latter equation can be integrated once immediately, resultingrn a first order rinear equation fory that can be sorved as in Section 2.r. Byequating thecoefficients of the preceding equations and then eliminating/(-r), show that a necessarycondition for exactness is p,,(_r) _ e,e) + R(x) :0. It .un b" shown that this is also asufficient condition.

46' The Adjoint Equation. If a second order linear homogeneous equation is not exact, itcan be made exact by multiplying by an appropriate in-tegrating iactor p(x). Thus werequire thar p(_r) be such that p(x)p(x)y,, + p(x)eeyy, 1-*1"g1n\gy : 0 can be wrirten
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i n  thc  fo rm Ip ( - r )P( r ) l ' ] ' I  l l (n ) -y l '  :0 .  Ry  cquat ing  coef f i c icn ts  in  thcse  two equat rons

and el iminating./ (x), show thal the function ,u must satisfv

I ' 1 1 "  *  \ 2 P '  -  Q ) p '  +  ( P "  -  O ' +  R ) p r  : 0 .

- l 'his 
cquation is known as the adjoint of the original eciuation and is important in thc

advanced theory ol 'di f ferential equations. ln general.  the problern of solving the ad-

joint cl i l ' {ercntial equation is as cl i l f icult  as that of solving the original equation. so only

gccasignal lv is i t  possiblc to f ind an intcgrating faclor for a second order equation.

ln each ol Problems 47 through 49 use the result ol Problen.r ,16 to l ind thc ad.ioint of thc given

d i f fc ren t ia l  equat ion .

47. .r :yt '  +,t-v'  1 (,rr -  u: ')y :  g, Besscl 's cquation

4lt.  (1 -tr)r '"  2x1-'  + a(u * l) .v :  0. Lcgendre's equation

49. l '  -r .v - 0, Airy's ccluit trot l

-50. l ior t Ic sccond ordcr l i le ar cquirt inl  P(,r)_r" '  I  Ot-r)_f, '  + R(.r)_v : 0. show t l ial  the adjoint

o f  the  ad io in t  equat ion  is  t l r c  o r ig ina l  cquat ion .

51 .  A  sccond orc lc r  l inear  equat ion  P( r ) r / "  +  0 ( r ) f '+  / l ( , t ) r , :0  i s  sa id  to  he  sc l l -ad jo in t  i f

i t s  ad is i l t  i s  t I c  san tc  as  the  or ig in i t l  cquat ion .  Show tha t  a  neccssarY cond i t ion  io r  th is

e  quat ion  to  bc  sc l l -ad jo in t  i s  tha t  1 "1- r1  -  Q( - r ) .  Dc tc ln r inc  whcthcr  cac l " r  o f  thc  cquat ions

in  Prob lems 47 th roush '19  is  se l l -ad io in t .

' 'l Complex Roots of the Characteristic Equation

We continuc our discussitln oi thc aquation

u y " + b 1 , ' * c y : 0 ,

whcre a,  D,  ant l  c  are g iven real  numbcrs.  In  Scct ion 3.1wc found that  i f  wc seck

solutions of the form y : e't ,then r must be a root of the characteristic equation

a r 2 + b r + c : ( ) .  ( 2 )

If the roots 11 and 12 are real ancl dif l 'erent. which occurs whenever the discriminant

b2 4ac is  posi t ivc,  thcn the gencral  so lut ion of  Eq.  (1)  is

l : t : t { t t  * c 2 p , l t .  ( 3 )

Supposc now that b2 - 4ar: is negativc. Then the roots of Eq. (2) are conjugate

complexnumbers; we denote thcm bY

rr : )" I i l t, rz :  ) '  -  t l t ' ,

where ). ancl p are real. The cclrresponding expressions for y arc

) / r ( / )  : c x p l ( i * l g t l l . t2Q) : exp[(). - i1ltl. (5)

Our first task is to explore what is meant by thcse exprcssions. rvhich involvc evaluat-

ing the exponential function for a complex exponent. F-or example, i{

. ) "  :  -1 ,  & :2 ,and I  :  3 .  then f rom Eq.  ( -5 ) ,

( i )

(4 )

, v r ( 3 ) :  e - 3 + 6 t (6)


