
1 Some properties of Laplace transform

One of the more important properties of the Laplace transform is how it
treats the differentiation.

1.1 Derivatives

L{f ′(t)}(s) =

∫ ∞

0

e−stf ′(t) dt = e−stf ′(t)
∣∣∣
∞

t=0
+ s

∫ ∞

0

e−stf(t) dt =

= sL{f(t)}(s)− f(0).

(1)

We can apply formula (1) n times to compute Laplace transform of the
n-th derivative of a function

L{f (n)(t)}(s) = L
{

d

dt
f (n−1)(t)

}
(s) =

= sL{f (n−1)(t)}(s)− f (n−1)(0) =

= s
[
sL{f (n−2)(t)}(s)− f (n−2)(0)

]
− f (n−1)(0) =

= s
[
s
[
s[. . .]− f (n−3)(0)

]
− f (n−2)(0)

]
− f (n−1)(0) =

= snL{f(t)}(s)− sn−1f(0)− . . .− sf (n−2)(0)− f (n−1)(0).

1.2 Polynomials

L{tn}(s) =

∫ ∞

0

e−sttn dt =
−1

s

∫ ∞

0

d

dt

(
e−st

)
tn dt =

=
−1

s
e−sttn

∣∣∣
∞

t=0
+

n

s

∫ ∞

0

e−sttn−1 dt =
n

s
L{tn−1}(s) = . . . =

=
n

s
· n− 1

s
· . . . · 1

s
=

n!

sn
.

(2)

1.3 Multiplication by an exponential

L{ectf(t)}(s) =

∫ ∞

0

e−stectf(t) dt =

∫ ∞

0

e−(s−c)tf(t) dt =

= L{f(t)}(s− c).
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1.4 Multiplication by a polynomial

L{tnf(t)}(s) =

∫ ∞

0

e−sttnf(t) dt = (−1)n

∫ ∞

0

(−t)ne−stf(t) dt =

= (−1)n

∫ ∞

0

dn

dsn

(
e−st

)
f(t) dt = (−1)n dn

dsn

∫ ∞

0

e−stf(t) dt =

= (−1)n dn

dsn
L{f(t)}(s).

1.5 Multiplication by a step function

The step function uc(t) is defined as

uc(t) =

{
0 if t < c
1 if t ≥ c

(3)

Then

L{uc(t)f(t)}(s) =

∫ ∞

0

e−stuc(t)f(t) dt =

∫ ∞

c

e−stf(t) dt =

[
τ = t− c
t = τ + c

]
=

=

∫ ∞

0

e−s(τ+c)f(τ + c) dτ = e−sc

∫ ∞

0

e−sτf(τ + c) dτ =

= e−scL{f(t + c)}(s)
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