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MATH 251 BXAMINATION I February 26,2009

1. (9 points) Consider the list of differential equations below.

A .  a ' : a3 -y2

B' a"' - a2 : sin 3f

C .  g "+e t y ' *1

D. t2+a+(r+a2)a ' :o

E. a" - t3a' * e2ty : g

F .  A " - 2 y l - 5 A - 9 - e Y

G.  a '+2y :n

H .  A ' - t 2 A :  f  l n t

For each part, write down the letter corresponding to the equation on the list with the specified
properties. There is only one correct answer to each part.

(") (3 points) First order linear equation that is not separable.

r\
(b) (3 points) Exact equation that is not separable.

(") (3 points) Second order homogeneous linear equation.
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MATH 251 EXAMINATION

2. (5 points) Consider the initial value problem

sin(t) g" * tan(t) at * ty : st,, t , T  ,  7 f

a\l :-n'

a unique solution is guar-

\
\ q.f n^

+ V/
'r\.".f! {

1 .

\ /'-
.V4

(  - r r \

w= u.)

Februarv 26.2009

.7( . 4tr
a\V) :  

, ,
Without solving the equation, what is the largest interval in which
anteed to exist?

(a) (-m, oo)

(b) ( - ; ,6)

((") \(0,  5)
(d) (;, s#)

\ * \I. *""";'a-r d'

t' '.,J!$){ +-
I

^ l

p5olt43*,5$
\ ccd

( v --\l
\\- 

- 'Yz *\)

\*:\J
a[a]q

,/z

bf\ t*A*r"*{

a-.cq L,**aft ^ "(-tQ-^a(-tl*r \  \
\J

3. (5 points)

(a) 4 '

(b) cos 5t,

( . )  
" - ' ,

Which pair of functions below cannot be a fundamental set of solutions?

2+3t

-2 sin 5t

4te-t
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MATH 251

4. (5 points)

EXAMINATION I

Find the solution of the initial value problem

,  € t "

u:- ; v

(b )
1^ ,  5

7 t : - P - ' - -r 2 " 2

qt
e_

\.* \

\  t t , l

\ e- o^nt

4\

b

t
b

1

f.*

5. (5 points) Find

2 r t a t - e ' 9 : C

9 r ' A ' - e ' ! - r y e r u

t { s\'\' =

F (n,,1) : x3

( . )  v :

(d )  v :

tr^ e',1r"-' - ,

\ t +c ;2 c

dr* ert^'-:
nA" , atf,u \,-
d.I pr,^*I'*ld a-4k^u*' *A'tL\o^.-: .

the general solurion of the exact equation 
\wtLiAJl- c'o

,  3t 'yt  -  ye'a.  + (3r3y2 - re 'u * 2)yt  :  g.

Q!*':) ,5 (*,))
f ---- '

J_ ,r2
L \  

< \

', *i\i oJ* c,s^^-d..t$ ot^5 l Lq
U

( 
-F 

(K,t : K3
: c--->

\
l{

C

z^

4 \ -?--
Z < \ z le|.

q
\

(b )

(")

(d ) ae ' v -3 r2a3  _ "
iF; ; -"""u*z- '

C^*[;aX
tr (*11) : Kbb

{

?(ul
€,  '+

S aqar "ML

I
ar
\

l t=
r*]Jt""/*

v(o) :  -2 .

K\4
Lo +

dr+

February 26,2009

) \ ,

/ . 1 1 \

tSt I

Aj + q"G)
\ \ J
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6. (5 points) Suppose a mass-spring system described by the equation

u" + ku:2cos4t - sin4t = R Ci: (q\ -t)

is undergoing resonance. What is the value of the spring constant k?

(u) 0 Reg"^ ow,-^.c-a- \s g [\*-..to."{. t^r[ar-'

(b) 2 {)^" k.\^a_,^?1 o\ +\..r- q*K\€r".d \".,r- uJ:{

2!^ M,*{ rU* +\,i ,.no\*r*I* \""f .*'O
@-i o\ IU "a1sv,---. \)o: G

U\

! le^u. o.t lo'  \e{ \<"

MATH 251 EXAMINATION I Februarv 26.2009

{?: { -7 f  -  \Q>

7. (5 points) A 100-liter vat initially contains 80 liters of 2 grams/liter sodium hydroxide solution.
At t : 0, sodium hydroxide solution with a concentration of 5 grams/liter begins to flow into
the vat at the rate of 2 liters/min. The thoroughly mixed conGit oflheldi is drawn off at the
rate of 3 liters/rnin. Wlri"tr 

"f 
tt* initial value problems below best describes the quantity of

sodium hydroxide, Q(t), that would be in the vat at time t, 0 < , < 80?

!:

?
(b) Q'  :  lo -  

,*-Q, Q(o) :  too'

( c \  Q ' :  1 0  -  3
'  8o+1Q'  Q(0)  :200 '

(d) Q, : 1o - #;o, Q(o) : 2oo.

E l{. e4v,(q.\,io^ :
v

\ ! ! \s..  t) t ,-s, 1t*e , rn. ln

Qt+) - tu" .'t
bsd.L*"^ h4 df, oxLo(e (o'*l
l,'.,r \t4 vib.

\ ; \ l"d c!"-di\1"-"

e(q: 80 1-\60

+ C"-\
c c . $  - -  2 - 3  =  - ;

\ ,Jt{)= B0-t

z^ \  ,  \

^ .  t

A ^  g \ "  \L )
\  i * :  d -  \ a i h

c\*= 5 ffi
r\ o * t  -  ,  : G ;   , . \
c. - t :  u t l ) . -  \ r t t+ )

\iJ(q go-t

h^{t Fr,^

\wGl 3 c1* -

I* [") = So
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MATH 251 EXAMINATION I

8. (5 points) Consider the autonomous equation

a '  :  a3  -  l2y2  *20y  :  a (a  -  Z ) (a  -  10) .

^ '7t ' /r-Suppose y(i l W What is , l im 
y(l)?

Februarv 26.2009

(u) o

(b)  2

\
\ '
{ l
\J

<--- +-.->

XG) 
: \o ts ?4;q-)a'"1,,*.

(]

goQ.r.^{1"-,

t\
z\\

\,i\',o,1.

t"t
t-0*,r o{

{:v)
q
\ l\

9. (5 points) Solve the following initial value problem

G "^'-td aorJro^
I  r \  

- t

qt!)= C,4 + Qr.
\J\J

t-^i* c\ o^^.t Q-L k*- \ '^i\tJ, 
:-*t::,r, _\\- q-,",

ffi; .:'; J,'"': ; \ ; ;'o' - ?c'e'=c'c'(' -i)= 
t' 

=r
\  ( \  

'  - '  -  

.  

'  - ' - - "  \ , \

\:t(*\ = -c,dt- ACrd'=o F-c,: - t ?= 
- 

?'-a\!
\ - \ \ 't ' $  

P a g e o o f  1 1  . . .

\tk) = 1d';:;- J; u't=ln-*-''- u**-i\ ffi

( d )  m



MATH 251 EXAMINATION I February 26,2009

10. (5 points) Given that 91 = t2 and Az = lnt are two solutions of a certain second order @o..
geneous linear equation, A" * p(t)A' + q(t)y : 0. All of the functions below are also solutions
of the equation, EXCEPT

(a) 0. = o.1,,*o.t
(b )  -3 ln t .  =  0 . r-z-==- Jr 

- 3' t.
(c )  2 t2 ln t .  )

G) t ' -  lnr.  = 
\ ,  

-  
\ .

11 . (5 points) Which of the equations below has g(t) - 5e 3t as a particular solution?
CiL"rachr [s,\t c,tt Otn I

or 
" 

o.t(a)  a"  *  9y:  g

(b) a" - 6a' + 9y :0

cL tq  -  o

t 2 -  6c  * { : o

c2+  C  -  6  : o

c1 -  l . s  - )  - -  o

"4 o\ t o,ot
I

c o - \

I

".t\. 

q. co'ot

-3t
<-

C*\
___4 t -  -3

{tt) 
:

(d )y " -2g ' -3v :o
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12. (12 points) Consider the nonhomogeneous second order linear equation of the form

MATH 251

(u) (s points)

EXAMINATION I February 26,2009

Find

a" +2Y' - f  Y :  g( t ) '

y"(t), the solution of its corresponding homogeneous equation.
\\ + +

"S) 
: (At rb) ct

O"o..c. cqsr^e,$e^"
--->' C a+ e,c -+ \ : o

(c-* r)': o
c. , .= _\  

,  _t

For each of the parts (b) through (d), choose from the list below the function that is the
most suitable choice of the form of particular solution Y that you would use to solve the
given equation using the Method of Undetermined Coefficients. DO NOT ATTEMPT
TO SOLVE THE COEFFICIENTS.

(At + B)s-t

(At3 + Bf1"-t

,4e-t cos(t) * Be-t sin(t)

,4e-t sin(i)

(AP + Bt + C)et cos(2t) + (Dt2 + Et + F)et sin(2r)

At2et cos(2t) + Bt2et sin(2t)

(A*  +  B t \e - t

Atset cos(2t) + Btset sin(2t)

At2et cos(2t)

(b) (3 points) y" + 2y' +

.*-
- L  l ' .e_ \-- c,

- t  .

Y :  e  - s l n t

t\,^\ * C...-.f)

(.) (e points) a" + 2A' * a :2te-t

,t'(c,t + c) €-t
?'
bot_ lc-

(d) (3 points) A" +2"y'  *  y:  -6t2etcos(21)

(C,tz rrc,t + c) J (." Ls)(er) + Qs"r-t$)
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MATH 251 EXAMINMION I February 26,2009

13. (9 points) A mass-spring system is described by the equation

u "  +6u ' * ku :0 .

(u) (3 points) Find the value(s) of ,k that would make the system critically damped.

CLor^c,\*" i s\ l.

cL + Gc +

o+'.q.\l e^.

K :o t r r r=

K:6 < q
-------.-

-G t {  6--4K

t-.lh..lq dr,"^^fr(
V

- \*-.^

[* :{ ' :o 36=(K + B

(b) (3 points) If k : 25, what is the quasi-frequency of this mass-spring system?

6 t \36- \oo

(")  ( f  points) TYueorfalse: I f  k:6, thentherearesomenonzerosolut ionsofthismass-spring
system that will cross the equilibrium position more than ten times.
f n
t--qjLse .

\f.a,ti 
- \.e-x-"-r-"c6 Y ={\

I

Cg+ra sp-€!,4-q S
\

\" e^,fof gU^-^[r-d

t1 s\c-^^^

n r r l l  t\.1 qou4t i 0-,- \n l O*t
r \

l \ r
o., \

I
ttt-gS,'\

c,h.'* e?,^i U L{ i,^,^^

yo+ !+s"
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MATH 251 EXAMINATION I

14. (10 points) Solve the initial value problem:

tY '  +2Y :  cos t r

a\"^,ao-,co{. &or*

\\ + by,- +! \
t  

-v\  rc \

y'F\ Y tt)

tr)

'\u\ ':Yd,t
t*.\"c \-

February 26,2009

a(n) : o'

q
4

t
r? --+.
v

c-r t$ ,-1.

{"\w)
\

1 L: -d*$ - 1r
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MATH 251 EXAMINATION I Februarv 26. 2009

15. (10 points) Given that y1(t) : t3 is a known solution of the second order linear differential
equation

t 2 a " - \ t g t + 9 y : 0 ,  t > 0 .

Find the general solution of the equation.
I

S{."*.a o.,cd' .\g{u*

\ \  -  5f\I" + ---:-
( \  +'
\ v

I

\ ,^ t+1.r^ :o
d +ar\\

a

Tt:
0kl-,.
r  \ tw \\,

t'*
1\"-",

,1') =

-q-  \-i rr" 4-
+  / \

. = c\ \-' = c-,{,^ t

"\,r{ \ 
o:, t: \: r ql- or t'=\tf t'\ 

., 
s\+"r\

=_ Cru

-\**+
C,e =

,,u_t 
tl 

c|t
n  l r  I  rQAj-, qr+ L O^4 * o< ,a ,t\)v  , ,

t' ,,ll - b{-" : Cls
\^ !u^u tt.*.{ *rd. !*-

\  -b  7z
{r 

-t- 
T-l- Lr'

r"/ ({\ - + \.^ t{) +
t \ t + l -

J r - )

t ^
I  r  - 5
\ 4 - c,f{-5- t

\y
t\)

r  - l
I '

f

1-5+

Ge^"s{
bC"^ti " 

q

'  -5
I-1
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