MATH 251 Name:

Examination I Student Number:

February 26, 2009 Section:

This exam has 15 questions for a total of 100 points. In order to obtain full credit for partial
credit problems, all work must be shown. Credit will not be given for an answer not

supported by work. The point value for each question is in parentheses to the right of the
question number.

YOU MAY NOT USE A CALCULATOR ON THIS EXAM. PLEASE TURN OFF AND PUT AWAY YOUR
CELL PHONE.
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MATH 251 EXAMINATION I February 26, 2009

1. (9 points) Consider the list of differential equations below.

A Y=y -y

B. y" —y? =sin3t

C. y'+ety =1

D. 24+y+{t+y)y =0
E. y' =3y + ey =0

F. y' - 2y+5y=9-—¢¥
G. y+2y=m

H. y —t?y =tint

For each part, write down the letter corresponding to the equation on the list with the specified
properties. There is only one correct answer to each part.

(a) (3 points) First order linear equation that is not separable.

(b) (3 points) Exact equation that is not separable.

D

(c¢) (3 points) Second order homogeneous linear equation.

£
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MATH 251 EXAMINATION I February 26, 2009

2. (5 points) Consider the initial value problem

. e 47 e e
sin(t) y" + tan(t) y' + ty = ¢, y(z) =3 v =-7

Without solving the equation, what is the largest interval in which a unique solution is guar-

anteed to exist?
Ju Yo Samdosd Yorw

(a) (—O0,00)
‘t-
() (-3,3) A - \ T L= e
5 T e T o /Sé“fb
()0, 5) 3 . : S
@ (5, %) oQJ)fMA/ k, /
(&9

Q{Ma&()){ ) \A):l&? V‘a&
3. (5 points) Which pair of functions below cannot be a fundamental set of solutions?

(a) 4, 2+ 3t
(b) cos 5t, —2sin 5t

(c) e, 4tet

\ ot
e T e by e
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MATH 251 EXAMINATION I February 26, 2009

4. (5 points) Find the solution of the initial value problem

5. (5 points) Find the general solution of the exact equation
3z%y% — ye™¥ + (3:1: y? —xexy+2)y = 0.
L__,.___J

F L‘“\‘_‘D ; &X \)3

(a) 2%y3 — e +2y=C

(b) 203y — e = C KQQ,‘D = % “&’ -2 %\Lt\\
(c) 9z2y? — €™V — zye® = x
o Flawy= xa’{’ —e )« 9\\% + %A@

e “3 22— &9« ay tC
\—va}\ Xa e 4

ye™¥ — 3z%y3
3zdy? — zetV + 2

(d)
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MATH 251 EXAMINATION I February 26, 2009

6. (5 points) Suppose a mass-spring system described by the equation
Wt ku=2cosdt—sindt = R s (a4 —%>
is undergoing resonance. What is the value of the spring constant k?
(a) 0 Qegov\aMu. g oQawvwk w e
)2 g R\ce ow oF the exlernal Secce W =4
(c) 4 ot cz\»uu) e watwrol &PQSpAQ_V\Ca

@ O’\ §¢\~k %3% \400*@
Hower  eguatlon Sor e

7. (5 points) A 100-liter vat initially contains 80 liters of 2 grams/liter sodium hydroxide solution.
At t = 0, sodium hydroxide solution with a concentration of 5 grams/liter begins to flow into
the vat at the rate of 2 liters/min. The thoroughly mixed content of the vat is drawn off at the
rate of 3 liters/min. Which of the initial value problems below best describes the quantity of
sodium hydroxide, Q(t), that would be in the vat at time ¢, 0 < t < 807

\AV\\‘\$ ' O\Alrl.xs CY(‘OMAQ, V\Aeu\

QK—\;) — e ot 0’%
(b) Q' =10 100Q ) = 160. 500 Lu \maobromda (ggraw—s)
\ ‘\,k»..a Vo‘*

(a) Q =10- —-Q, = 160.

() @ =10 «3—Q, Q(0) = 200.

80 + ¢t &W‘AQOJL ootk lon
; .
d) Q' =10 - : = 200. _
@ @=10-1770  QO)=20 Q) = R0 A =160
DI egpeatlen:
\ _ a Q
Q)= fe e e eea= 15— 35S
Tiu= & L
Ciw = e rQ::‘jr
Cout = 3 Aadees Wole £ # Fout
Cot = QY — Q (&) Page 5 of 11 w’(ﬂ:v\“-ro&:Z’%:"
W) go-t w(e) = %0 wid)= %0-%
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8. (5 points) Consider the autonomous equation
y =y° — 124" + 20y = y(y — 2)(y — 10).

Suppose y(g—) {@ What is tl_lfg() y(t)?
\

(a) 0 ‘a

(b) 2 . s <— ./’;>
(c) 10 — v o4 — \O A
(d) oo

ak*\ =\0 le WU&{M witiad, vadug o& Q

=%
%DQM’\:'\GV\ Q‘l‘k t L)
9. (5 points) Solve the following initial value problem
Y+ 3y + 2y = 0, y(1) =1, y'(1) = 0.
hamchaisin.eqptic
b —(t+1) —2(t+l
¢t 4+dr+ XL =0
(c) e7t —e2 -2
(d) 3e2 — 2¢3t ¢ .= ’5'_\'-&'51"‘\‘9* _ 3% \ =
42 2 A =\

e ar e 2 = (T2 (e+))
C;wa/\ %‘k‘-o"\ N
-2

a&-‘c}" C Q,t“\‘ C e

QJO*MQ\»A"C C. V= \ QL SYTW \\ukcal Q,cug\,\\cbo«,\s( | .
Lhy= ¢, &€ +c¢ 2o\ \-—>>C&'-»ce, ACEAE
3 2 & =

—
\‘Sb\:—a\ N _ac,e=0 = ¢,
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10. (5 points) Given that y; = t? and y = Int are two solutions of a certain second order homo-

geneous linear equation, y” + p(t)y’ + q(t)y = 0. All of the functions below are also solutions
of the equation, EXCEPT

(a) 0. — 0\\&\,\..0.\61
(b) =3Int. — Q-

9T

(d) t* —Int. = LQ‘ ~ Ya

11. (5 points) Which of the equations below has y(t) = 5e~3¢ as a particular solution?
Moracker takic e pmationy

tt+q =0 wot o coet

(b) y' -6y +9y =0 A 44 =0 wok o rwlc

(d) y' -2y -3y=0

(8) ¥"+9y =0

tt—-ac -3 =0

—___—_’____/—————'\

\,\gf\iai‘w‘k

X cack
AK—Q = e >t —_— C=-3
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12. (12 points) Consider the nonhomogeneous second order linear equation of the form
V' +2 +y=g(t).
(a) (3 points) Find yc(t), the solution of its corresponding homogeneous equation.
\W \ O\».M . %«Q‘“O« 2
\&1—&«&—“:0 _— To¢ KT+ \ =0
- (T~ \31: o

\:)(\Q%J) = &A\: +b\ e:t e (I

For each of the parts (b) through (d), choose from the list below the function that is the
most suitable choice of the form of particular solution Y that you would use to solve the
given equation using the Method of Undetermined Coefficients. DO NOT ATTEMPT
TO SOLVE THE COEFFICIENTS.

A (At + B)e

(At3 + Bt?)e

Ae~tcos(t) + Be tsin(t)

Aetsin(t)

(At? + Bt + C)et cos(2t) + (Dt? + Et + F)e' sin(2t)
At?et cos(2t) + Bt2et sin(2t)

(At? + Bt)e

At3et cos(2t) + Bt3et sin(2t)

At?et cos(2t)

SR QMmUY QW

(b) (3 points) y”" + 2y +y = e 'sint
-t
Pt get)y (2]

(c) (3 points) y" + 2y +y = 2te*

L»_ich\>c+cz\ & & |

Sal. o
(d) (3 points) y” + 2y’ + y = —6t2e’ cos(2t)

(et + e e (Cunlad)« Cs SWED)
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13. (9 points) A mass-spring system is described by the equation

v +6u +ku=0.

(a) (3 points) Find the value(s) of k that would make the system critically damped.

(Mosachart sl ia Q%,)«Q.'\v{cvu

A AN

24 6O+ K =0 = Y
Qrtktcoﬁh& M«M w e
Jo—nd =0 26 =4x => |k = A

(b) (3 points) If k = 25, what is the quasi-frequency of this mass-spring system?

— 6 TN26- 100 N
(\)2'—‘ = -3
A
%AAQ%\\"SN‘-Q%\AC% m

(c) (3 points) True or false: If k = 6, then there are some nonzero solutions of this mass-spring
system that will cross the equilibrium position more than ten times.

ol se .

XK= <4 Q,g:reswg JcO GUQ«FGLLM«\M
%‘j’},}rbbv\.

O %QLJ‘V\%\L\Q*"’ \A,LOQ ok eses Q@MCU@(QW
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14. (10 points) Solve the initial value problem:

ty' + 2y = cost, y(m) =0.

%%de /Qs-(‘w\

v S

. 9 %OLC-\V‘Q‘I\
y&k\: TX*Q«)

ple = A

2 3| S

N s

ocks
L Q@F &)“ ces(P\ar= Xk K%\»«Qt\\)\ ot —LL‘&‘“L

— Al — & %b,\&\ = 3‘,"‘0\\4&3 + y(}) « C

sl ey &) . C

T dod C Ccoia ol condiloms

e

L cen &) \
\AM: T T :\
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15. (10 points) Given that y;(t) = ¢3 is a known solution of the second order linear differential
equation
t2y" — 5ty +9y =0, t>0.

Find the general solution of the equation.

Clocd ocd  drpsunn
\ -5%

+- 73\+%:O
\Q\\*— %\6\’\—%&1@
Qu‘s ﬂvm

g _\ Sk
W K\S‘ )\31\ = o&;f(\ \al \: L \’5\1" 5)‘1Vd7.: Ce =

2
3t ‘

SX—:\\—:OA:\— gQ_M—\; <
=C,e = (¢ :qﬁ

Cgpmorion  doc HOR

S
M Me lond ourd o

R "
3\«{ (&) = _"ES“G\ > XQ(\}: '\ﬁB

&\j”g \lz \ — Q\{l’\,hg‘—‘— C )L-‘

'\)le = Q\S e Lt + G

h\z =(13t «~ Gt° \é——- qujttou\
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