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which is the formal solut ion of the given problem. It  is also possible to write,v in the form

0 .  / < 5 ,

t f l<
4  , ,  < '  |  .  V  l - '- - - : e  { t - : ' t s i n ' :  ( r - 5 ) .  I > 5 .

'/t,s 4

(22)

The graph of Eq. (22) is shown in Figure 6.5.3. Since the init ial conditions at / : 0 are
homogeneous and there is no external excitation unti l t : 5. there is no response in the interval
0< /<5 .The impu lsea t / : 5p roducesadecay ingosc i l l a t i on tha tpe rs i s t s i nde f i n i t e l y .The
response is continuous at I:5 despite the singularity in the forcing function at that point.
However. the first derivative of the solution has a jump discontinuity at I : 5. and the second
dcrivative has an infinite discontinuitv there. This is requircd by the differential equation (17),
since a singularity on one side of the equation must be balanced by a corresponding singularity
on the other sidc.

In dealing with problems with impulsive forcing the use of the delta function usually

simplif ies the mathematical calculations. often quite significantly. However, if the
actual excitation exlends over a short. but nonzero, t ime interval, then an error wil l

be introduced by modeling the excitation as taking place instantaneously. This error
ma,v be negligible. but in a practical problem it should not be dismissed without

consideration. In Problem 16 you are asked to investigate this issue for a simple

harmonic osci l la tor .

PR0BLEMS In each o[ Problerns 1 throush 12:
' j : -=  

( r )  F ind  t l rc  so lu l ion  t r l  the  g tven rn i t ra l  va luc  p r t rh lcm.

(b) Draw a graph of the solutron.
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," '  12v' -1- 2r, : 6(/ - x); y(Q)  -  1 .  y ' (0 )  :  t )

y " + 4 , v : 6 ( 1  - / r )  3 ( t - 2 t r l : .  _ v ( 0 ) : 0 .  l " ( 0 ) : 0

i , "  * 3 y '  i 2 v  :  6 ( t  - 5 )  * r r r , ( / ) i  y ( 0 )  :  0 .  v ' ( 0 )  : 1 1 2

y " - y - - 2 0 3 ( r - 3 ) ;  , v ( 0 )  : 1 .  v ' , ( 0 ) : 0

, "  + 2 y ' *  3 v :  s i n l  +  d ( r  -  3 n ) r  y ( 0 )  : 0 ,  v ' ( 0 )  :  t )

i , / '  1 ,4_r, :  3(t -  4tt  ) ,  y(0) :  112, .v '(0) :  0

_r , "  *  y :  d ( l  -  2z )  cos t ;  _y ( l ) )  :0 ,  "v ' (0 )  
:  1

y" a 4y :23(t t  l4); _1,(0) :  0, 1"(0) :  0

, v "  + _ v :  i r " r : ( r )  *  3 3 ( t  - 3 1 1 2 )  -  r r 2 . ( 1 ) ,  _ y ( 0 ) : 0 ,  " v ' ( 0 ) : 0
2 \ , "  + \ , ' * 4 , v : 3 ( 1  -  n / 6 ) s i n t ;  y ( 0 )  : 0 ,  , v ' ( 0 )  : 0

) / ' + 2 . v ' + 2 . t , :  c o s r  +  6 ( t  -  r l 2 ) ;  y ( 0 ) : 0 ,  y ' ( 0 )  =  0

_ 1 , , r ,  -  _ y : 6 ( r  -  1 ) ;  y ( 0 )  : 0 ,  y ' ( 0 )  : 0 ,  y " ( 0 )  : 0 ,  ) " ' ( 0 )  : 0

Consider again the system in Example 1 of this section. in which an osci l lat ion is excited

b1' a unit  impulse at r = 5. Suppose that i t  is desired to bring the system to rest again after

exactly one cycle-that is, when the response f irst returns to equi l ibr ium moving in the

posit ive direct ion.

(a) Determine the impulse k3(r - fu) that should be applied to the system in order to

accomplish this objective. Note that k is the magnitude of the impulse and ls is the t ime

of i ts appl icat ion.
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(b) Solve the result ing init ial  value problem and plot i ts solut ion to confirm that i t  behavcs
in the specif ied manner.

62 U Consider the init ial  value problem

y" + yy' * -y = 6(r - i ) ,  .y(0) :  0, _rr,(0) :  0,

where y is the damping coeff icient (or resistance).
(a) Let y :  ] .  Find the solurion of the init ial  value problem and plot i ts graph.
(b) Find the t ime /;  at which the solut ion attains i ts maximum value. Also f ind the maxi.
mum value _yl of the solut ion.
(c) Let 7 :  ]  and repear parts (a) and (b).
(d) Determine how /1 ar.rd -v1 vary as y <lecreases. what are the values of 11 and y1 whc'
r z  -  O ' )

dQ tS Consider the init ial  value problem

l" + yy' + _v : k6(r - l ) .  ) /(0) = 0. _y,(0) :  0,

where k is the magnitude of an impulse at |  :  I  and y is the damping coeff icient (or
resistance).

(a) Let ) '  :  +. Find the value of k for which the response has a peak value of 2: cal l  this
va lue  f t1 .

(b) Repeat parr (a) krr y :  j .

(c) Determine howkl varies as 7 decreases. What is the value ofkl when v : 0,1

S), t t ' '  Consider the init ial  value problem

l "  + ! : f r 1 ) . , y ( 0 ) : 0 ,  t , ' ( 0 ) : g ,

where  [ ( l )  :  [ r r . r  r ( / )  -  ua , r1 ( ) ] l2kwi th  0  <  k  <  l .
(a )  F ind  the  so lu r ion  , - :  Oe,k )  o f  the  in i t ia l  va lue  prob lem.
(b) Calculate 

lT, Of , ,  k) from the solurion found in part (a).

(c )  observe  tha t  l im l l (1 ) :  d ( r  -4 ) .  F inc l  the  so lu t ion  4 , ,1 r ;  o f  the  g iven in i t ia l  va lu t ,
p rob lem wi rh / r ( / )  rep laced by  S( r  _  4 ) .  I s  i t  t rue  tha t  Qo| l ) :  I ,T .Ot r , t t l
(d )  P lo t  0Q '1 /2) 'OQ.1 l4 ) 'and do( t )  on  the  same axes .  Descr ibe  the  re la t ion  berwec '
Ot t .  k t  and A i l t ) .

Problems 17 through 22 deal with the effect of a sequence of impulses on an undampetl
osci l lator. Suppose that

))" + )) : f (t), _v(0) : 0, v,(0) : 0.

For each of the fol lowing choices for f  ( t) :
(a) Tiy to predict the narure of the solut ion without solving the problem.
(b) Test your predict ion by f inding the solut ion and drawing i ts graph.
(c) Determine what happens after the sequence of impulses ends.
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21. . f  t t )  = I  a1r -  (2k -  1)r l  F.2 ZZ f{r)  = 1(- i ) t*r6(/  *  r lk l4)
t = l  ( = l

2-1. Thc posit ion of a cerlain l ightl .v damped osci l lator satisf ies the init ial  value problent

l 0

- v " * { l  l r " * r  : I , - t t t * r 6 ( r - k r r ) .  } ( 0 ) : 0 .  - v ' ( 0 ) : 0 .

Observe that. except f ,r ,  , fr .  au=,npins term. this problem is the same as Problem 1U.

(a) 
-fry 

to predict thc nature of the solut ion without solving the problem.

(b) ' l 'cst 
vour predict ion bv f inding the solut ion and drawins i ts graph.

(c )  Determine what  happens a f te r  the  sequencc  o f  impu lses  ends .

dI Zq. Proceecl as in Problem 23 for the osci l latur satist 'ving

l 5

. \ , "  + 0 . 1 r , ' *  r , :  I ^ t ,  
-  r t k  -  l ) z l .  r , ( 0 ) : 0 .  _ r , ' ( 0 ) : 0 .

l - l

Obscrve that. cxcept l 'or the damping term. this problem is thc same as Problem 21.

2 .5 .  (a )  By  the  mcthod o l ' r ,a r ia t ion  o [paramete ls .show tha t  the  so lu t ion  o f  the  in i t ia l  va lue
problern

.r" '  * 2,v'  +- 2r, :  I  (r):  r ,(0) - 0. ,r ' (0) :  0

. r ' -  t r r ( / ) r ' - "  
, '  

s t n { l  -  / r ) .

(c) l-Jse a Laplacc translorm to solve the uiverl  ini t ial  value problem with

I  ( t )  :  8 ( r '  z )  and conf i rm tha t  thc  so lu t ion  agrecs  w i th  the  rcsu l t  o f  par l  (b ) .

l t

\ '  :  
/ ,  

, '  ' '  ' l  r r  r  s i n t r  t  )  t l r .

(b )  Show tha l  i f  I  ( t )  :  3 ( t  -  : z ) .  then the  so lu t ion  o f  par t  (a )  reduccs  tc r

6.6 The Convolution Integral

Sometimcs it is possible to identity a Laplace transform F1(s) as the product 01'two
other transforms F(s) and G(s). the lattcr transforms corresponding to known func-
tions./ and g. respectively. In this cvent, we might anticipate that 11 (s) would be the
transform of  the product  of  I 'andg.  However, th is  is  not  the case:  in  otherwords,
the Laplace transform cannot be commuted with ordinary multiplication. On the
other hand. if an appropriately defined "generalized product" is introduced, thcn the
situation chanses. as stated in the followins theorem.

Theo rem 6 .6 .1  11 ' l  ( s )  - -  L l . l ' t r ) ) and  ( i t . r )  : 4 {g t / ) }  bo th  ex i s l  f o r s  >  a  >  0 . t hen

1 / t . r ;  :  l ' t s )G ts )  :  L l h ( t ) ] ,  , r  >  ( . r . ( l )


