328

Chapter 6. The Laplace Transform

Theorem 6.3.2

EXAMPLE

5

If F(s) = £{f(n)} exists for s > a > 0, and if ¢ is a constant, then
L' f () = Fis — o). s>a+c. (7)
Conversely,if f(1) = £7'{F(s)). then

Ay =LY F(s— o). (%)

According to Theorem 6.3.2, multiplication of f(r) by ¢ results in a translation «!
the transform F(s) a distance c in the positive s direction, and conversely. To prove
this theorem, we evaluate L£{e“f(t)}. Thus

o

L{e“f(n)} :/ e Mef (1) dt:/ e TN dt

1] 0
=F(s — o),

which is Eq. (7). The restriction s > a + ¢ follows from the observation that.

cording to hypothesis (ii) of Theorem 6.1.2, |f(1)| < Ke™: hence |e'f(1)| < Ke'“*" "
Equation (8) is obtained by taking the inverse transform of Eq. (7). and the prool .
complete.

The principal application of Theorem 6.3.2 is in the evaluation of certain inverse
transforms, as illustrated by Example 5.

Find the inverse transform of

G(s) = —————.
*) 57 —4s+5

By completing the square in the denominator, we can write

1 y
G(S) = m = P(\ *2).

where F(s) = (s* + 1)7L. Since £7YF ()} = sint, it follows from Theorem 6.3.2 that

gty = L7HG(s)} = e¥sint.

The results of this section are often useful in solving differential equations, partic
ularly those that have discontinuous forcing functions. The next section is devoted
to examples illustrating this fact.

PROBLEMS

In each of Problems 1 through 6 sketch the graph of the given function on the interval ¢ > (.
L. gty = u (1) + 2usz(t) — 6uy(r) 2. g(0) = (1 = 3uat) = (1 — 2z (1)
3. g) = ft —miu,(t), where f(t) =1 4. g(t) = f(t — DNus(t), where f(t) = sins
5. g(t) = f(r — Dup(r), where f(1) =2t
6. g(t) = (1 — Du(0) =20t — Dua(t) + (¢ = 3us (1)
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In each of Problems 7 through 12:
(a) Sketch the graph of the given function.
(b) Express f(1) in terms of the unit step function u.(1).

1, O0<r<l,
0, 0<r<3, LU=t
-1, 1<t<?2,
7 fo=] T3 dsr=s 8. f() 1. 2<1<3
. = . ) = . < s
H 2, S<t<T, Hn =r=
—1. 3<1<4,
t>17.
0, t>=4
9 f(1y = 1. 0<t<2, 10, f) = 2. 0<r<2,
T et =2 TN, =2
{, 0<r<l1. I, 0<r1<?2,
0 = r—1. 1=<1t<?2, 2. f() = 2 2 <t <5,
T =2, 2<1 <3, T 7= S=i<T,
0, r >3 0, t>17.
In each of Problems 13 through 18 find the Laplace transform of the given function.
1. = 0. <2 4 f() = 0. <1
T T =22 =2 TN — 242, 1> 1
(0. t <
15 fiy=3t—mn, m<t<2m 16. f(1) = 1w, (1) + 2us(t) — 6uy(r)
0. t >2m

17. f(0) = (1 = 3ty — (= 2)us(r) 18. f(t) =1 — (Dt — 1y, >0

In each of Problems 19 through 24 find the inverse Laplace transform of the given function.

3t e
19. F(s) = 20. F(s) = —————
X (s — 20 ) sS4y —2
2s = 1ye 2 2,713
AT P 2. Fs) = =
T =25 +2 - —4
(s — 2’)()—\ ¢S +e 2y _ (,—RX e dy

23. F(s) =

— . 24. F(s) =
s —ds+3 ) §

25. Suppose that F(s) = L{f (1)} exists fors > a > 0.
(a) Show that if ¢ is a positive constant, then

S

Lif () = %F(L).

§ > cd.
(b) Show that if & is a positive constant, then

-1 _ie(t
c ‘F“‘”"kf(k)'

(¢) Show thatif a and b are constants with a > 0, then

1
LY F(as + b))y = —e ™o (%) .

a
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In each of Problems 26 through 29 use the results of Problem 25 to find the inverse Laplace
transform of the given function.

2+ 2s+1
2 . = 27 = ee——————
6. F(» s+l F) 452 + 45+ 5
1 6’28_45
28 F(§) = ———— 29. F(s) =
L T R O =1

In each of Problems 30 through 33 find the Laplace transform of the given function. In Problewm
33 assume that term-by-term integration of the infinite series is permissible.

1, 0<r<1

1, O0<r<1 0, 1<tr<?2

30. f(r) = 0 (=1 3. f() = I 22i<3
0, r>3

2n+1
B2 fO =1 = w0+ -+ (0 = o1 () =1+ > (=DFug (1)
k=1

33 f(0 =14 (=1 u(r).  See Figure 6.3.7.
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FIGURE 6.3.7 A square wave.

S gl

34. Let f satisfy f(t + 1) = f(1) for all t > 0 and for some fixed positive number 7T’; f is suid
to be periodic with period T on 0 < ¢ < co. Show that

-
/ e f () dt
] .

R

In each of Problems 35 through 38, use the result of Problem 34 to find the Laplace transform
of the given function.

1, 0<t<1 1, O<r<l1
B fny=4" - ’ 36. f(1) = ’ - ’
1@ 0. l<t<2: f ‘_1, 1<t<2:
fu+2)=fu. fa+2)=f@m.
Compare with Problem 33. See Figure 6.3.8.
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FIGURE 6.3.8 A square wave.
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|
37. fy =1, 0<t<1; 38. f(r) = sint, 0<t<m;
fle+1) = f(o. fle+m)y=Ff.
See Figure 6.3.9. See Figure 6.3.10.
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FIGURE 6.3.9 A sawtooth wave. FIGURE 6.3.10 A rectified sine wave.

39. (a) If f(ny = 1 —u(n). find L{f(n}:; compare with Problem 30. Sketch the graph of
v=f).
(b) Letg(n) = | f(&)d&, where the function f is defined in part (a). Sketch the graph of
0

v = g(t) and find L{g()}.

(¢) Let h(n) = g(t) —u(nHg(r — 1), where g is defined in part (b). Sketch the graph of
v = h(t) and find L{h()}.

40. Consider the function p defined by
( IR 0<r<l, 42 (
() = = .
Pt 2—t, l=t<2; U+ P

(a) Sketch the graph of v = p(1).

(b) Find L{p(t)} by noting that p is the periodic extension of the function /i in Prob-
lem 39(c) and then using the result of Problem 34.

1
pn) :/f(t)(lL
0

where f1s the function in Problem 36, and then using Theorem 6.2.1.

(¢) Find L{p(t)} by noting that

6.4 Differential Equations with Discontinuous Forcing Functions

In this section we turn our attention to some examples in which the nonhomogeneous
term. or forcing function, is discontinuous.

Find the solution of the differential equation

2),// +y' + Zy = g([)‘ (1)
where
1. S<r1r<?20,
= U3 — Uy(l) = - 2
g =15t =10 =10 g1 25 and 120 @



