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_Tb*r 
qi{ If F (s) : Llf'(t)l exists for .t > ,1 > 0' and if t

L le ' t  J ' f t ) ] :  F (s  -  r ' ) .

Conversely.  i f  / { r)  :  a I  lF(r)) ,  then

is  a constant ,  then

. s > n * r ' . ( i )

( i i ), t t f  1 t )  :  C -  11 I r  1 r  -  . , , .

According to Theorem 6.3.2, multiplication of /(r) by e' ' results in a translatiorr .I
the transform F(s) a distance c in the positive s direction, and conversely. To prorr
this theorem, we evaluate I{e"/(l)}. Thus

Lle't f (t)l : 
In* 

e-" e'' .f 1ty dt :  
Iu*  

e  \s  .d t f ( t )d t

E X A  M  P L E

5

:  F(s -  c) ,

which is Eq (7) The restriction .r > a * c follows from the observation that. :r,
cord ing to hypothesis  ( i i )  o f  Theorem 6.1.2,11 ' ( t ) l  <  Ken' :  hence le ' I l ( t ) l  =  

"n" ' ] '  

'

Equation (t3) is obtained by taking the inverse transform of Eq. (7). and the prool r '
complete.

The principal application of Theorem 6.3.2 is in the evaluation of certain invels,
transforms, as i l lustrated by Example ,5.

Find the inverse lransform of

G(s t  -  
; ' -  4 r *  5

By completing the square in the denominator, we can write

G(.,) : 
,, 

jTl : F(s - 2).

wherc  F(s )  :  1 . r :  t  l )  r .  S ince  4  r {F( . r ) }  :  s in t , i t  fo l lows f romTheorem 6 .3 .2  tha t

u \ t )  :  L ' { C ( r ) }  :  e r ' s i n I .

The results of this section are often useful in solving differential equations. parLir
ularly those that have discontinuous forcing functions. The next section is devoletl
to examples i l lustratins this fact.

PROBLEMS
rc

In each of Problems I through 6 sketch the graph of the given function on the interval t  > 0

l .  g ( l )  :  r r r ( t )  *  2 u t ( t )  -  6 u ' , ( t ) 2 .  g ( t )  :  ( r  -  3 ) r , r ( I )  -  ( t  -  2 ) u . , ( t )

3.  g(r )  :  f ( t  -  n)u, ( t ) ,  where/( r )  :  12 4.  S(r )  :  f ( r  -  3)a. r ( r ) ,  where/( r )  :  s inr

5 .  g ( r )  :  J Q  * 1 ) u 2 0 ) .  w h e r e f ( l )  : 2 r

6 .  g ( t )  :  ( r  -  1 ) ! r ( 1 )  -2 ( t  -Z )u t? )  *  ( /  -  3 ) rh ( r )
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In each of Problems 7 through 12:

(a) Sketch the graph of the given function.

(b) Express f ( t)  in terms of the unit step function rr.  ( I)

,r,,:l?.;
9 .  f ( / ) :

I .

< I <

< 1 <

< I <

> 7 .

0 < l

3 .

5 ,

l .

< 2 ,

<  1 .

< 2 .

< 3 .

C - t - l ) .  t  >  2

r . t ) < t

I  l .  / ' ( / )  =

I l .  t . -  )
l 1  / r r r  -  J-  

l u - 2 r r .  t  - ' - '

[ 0 .  |  f t
I

l i . / r r r : { t  , r .  t  r  l n

1 , , .  r ' 2 t

11 .  l ' ( t )  :  \ t  3 ) r r r ( t )  ( 1  -  2 ) r r r ( I )

3 l
l q  F ( ' r )  - - -  - .

( , r  _  l l '

2(s  - .  1  )c  l '
l l .  F r . s )  =  . - - - . -  -

\ ' -  -  / l  +  /

(, i  -  2)r:  '
A r . t  -  -

.!- - 4,{ + -1

Suppose that  ̂ F(.t)

(a )  Show tha t  i f  c

1 .  0 < t < 1 .
- 1 ,  l < t < 2 .

l .  2 < t  < 3 .

- 1 .  3 < t < 4 ,

0 .  t > 4 .

/ r .  0 < t < 2 ,

I ,  t > 2 .

t .  0  <  I  < 2 ,

2 .  2 < t < 5 .

7 - t ,  5 < t < 7 ,

0 .  t  a  7 .

r  -  l .  | ' <  |

t  - 2 .  2  <  t

( 1 ,  / > 3 .

8.  f ( r )  :

lo .  l ( r )  -

t2- . t  t t l  :

l rr  each of Problen.rs l3 throuc.h l t i  l jnd the Laplace translorm of thc given function

ln each of Problenrs 19 throueh 2;1 f ind the invcrse Laplace transfornt oi the givcn function

[ 0 .  r  -  |
l ' l  f t t r :  l r ,  z ,  + 2  r  -  lt '  "  ' - '

16 .  f  t t )  :  r r r ( r )  l 2 t t t ? )  -  6u l ( l )

1 8 .  l ( r ) : t - r r r  ( I ) ( I - l ) .  r > 0

tl 
l'

20. F(.s) - .------;
J +.\' '/-

22. l'(s) - -;- ,
.s- 4

23.

2-5.

2'1. F1.s1 :

:  L\.1 \ t) l  exists for. i  > rr > o.

is a posit ive constant. then

L\f (( t) t :  l r  t : l I  > Crr

( b )

( c )

Show that i f  k is a posit ive constant. then

|  /  t '

4 - r { F r k s r l  - ' r r ( r )
n  \ n  /

Show that i f  a and b are constants with a > 0, then

L |  
\F(us + b))  : L,  u , , , ' s  (  ! \ .

c  \ t t l
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In each of Problems 26 through 29 use the results of Problem 25 to find the inverse Laolu,.,
transform of the siven function.

) n + l  n l
2 6 .  F ( s ) : -  ;

'Sn+ I

1
4u. r \d/ - 

n----:-:--- ^y s - - t z s + J

a ,
: o . r , r r : l l ' o 5 t < l'  

[ 0 ,  r > l

3 2 .  f ( t ) : 1 - a r ( r ) +

/ a  +  |
) 1  F / . \  -4 / .  r t J r - -

4 s r * 4 s * 5
u 2  o - 4 s

29.  F(s\
z s -  |

IneachofProblems30through33f indtheLaplacetransformof thegivenfunct ion.  Inproblcrr r
33 assume that term-by-term integration of the infinite series is peimissible.

[ ] ,  
0 < r < ]

3 r  r , , , - l o '  l 5 t < 2
" " - l t .  2 < t < 3

[o '  , :  - r
2n+1

* tr2,Q) - Lt2n+t (/)  :  1 + f {-t)*, ,0{r)

J . r .  f t t l  =  |  u  I  r -  l ) r l . 1  { r ) .  See  F igu re  6 .3 .7 .
L 1

I'IGURE 6.3.7 A square wave.

3 4 .  L e t l ' s a t i s f y l ( r + ' l ' ) : f ( t )  f o r a l l  l > 0 a n d f o r s o m e f i x e d p o s i t i v e n u m b e r z ' ; . f  i s s r r i , l
to be periodic with period I on 0 < r < oo. Show that

7 l '

I  e ' , f { t y d t
f L l ' t t t l  : 4  '  - -

r - e  t ' l '

In each of Problems 35 through 3[3, use the result of Problem 34 to f ind the Laplace transfolrrr
of the given function.

. t - s .  l r f l : l l '  
0 < / < l '  

2 ^  r , , , - l  l - 0 < t c l .' ' - ' ' " ' * l O .  
t < r - 2 :  r o ' / ( r r : l - r .  

t _ < r < 2 :

|  ( t  +21 :  7111.
Compare with Problem 33

.f  ( t  +21: f  t t ) .
See Figure 6.3.8.

FIGURE 6.3.8 A square wave.
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3 7 . f ( t ) : t .  0 < l < 1 :  3 8 . / ( r ) : s i n l ,  0 < / < n ;

f t r +  l y =  1 1 1 y .  . f  ( t  + r ) : . f  f t ) .

See Figure 6.3.9. See Figure 6.3.10.

'1'1
11 . .  .1 A '  I'l 

,/ /", .r/'t, ,/', / , I
-l:-----, 'i.-/ r/ 

'W
l  t  2  3  4  t  l  n  2 t  3 x  t

I ' IGURE 6.3.9 A sarvtooth wave. FIGURE 6.3.10 A recti{ ied sine wave.

39 .  (a )  I f  l ( r )  -_ -  I  -  r r1 ( / ) .  f ind  C{ . f ( t ) } ;  comparc  w i th  Prob lem 30.  Sketch  the  graph o f

! : l ( r l '

(b )  Le t  g ( r )  :  /  l (€ ) . / { .where  the  func t ion . l  i s  c lc f ined  in  par t  (a ) .  Sketch  the  graph o f
J l

1 '  :  g ( t )  a n d  l i n d  f  { S t t l } .

( c )  L e t / r ( 1 ) : g ( 1 ) - u r ( t ) l l l t  l ) . r v h e r e g i s d e f i n e d i n p a r l ( b ) .  S k e t c h t h e g r a p h o f

) '  :  h ( t l  a n c l  f i n d  C { i r ( r ) } .

;10. Consider the l 'unction 2 dcfincd bv

, , , , , : l t '  
o ' r '  I

" " : i ,  , .  | 1 t < 2 ' . ' .  P t r t 2 t - P t r t '

(a )  Skc tch  the  graph o f  _ r '  :  p ( / ) .

(b )  F inc l  L l l t ( r \ l  by  no t ing  tha t  p  i s  the  pcr ioc l i c  cx tens ion  o l  the  lunc t ion  / r  in  Prob-
lem 39(c )  and thcn  us ing  the  rcsu l l  o f  Prob lcm 34.

( c )  F i n d  L l p \ t ) \  b y  n o t i n g  t h a t

In this section we turn our attention [o some examples in which the nonhomogeneous
term. or fclrcing function. is discontinuous.

Find the solution of the differential equation

f t

1 , 1 1 1 :  I  l t n t l t .
J r t

where  f  i s  lhe  func t ion  in  Prob lem 36.and then us ingThcorem 6 .2 .1 .

2 1 " ' + Y ' * 2 - Y : g ( t ) .

I t  5 < r < 2 0 .
8 { I ) :  r r r l l l  -  t r 1 1 1 ( / ) :  {t 0 .  0 < I < - 5  a n d  t > 2 0

I

(i.4 Differential

E X A M  P L E

1 ( 1 )

where

tions with Discontinuous Forcing Functions

(2)


