
Analysis C
Functional Analysis — Sample Exam Problems

1. If X is a subset of a Hilbert spaceH, then let

X⊥ = { v ∈ H | 〈v, x〉 = 0 ∀x ∈ X }.

Show that ifX is any subset ofH, then(X⊥)⊥ is the smallest closed subspace of
H that containsX.

2. Show that a non-empty, closed and convex subset of a Hilbert space has a
unique element of minimal norm.

3. Show that every orthonormal sequence in a Hilbert space converges weakly
to zero.

4. Let {v1, . . . , vn} be an orthonormal set in a Hilbert spaceH. Show that if
v ∈ H, then the quantity

‖v −

n∑

k=1

ckvk‖

is minimized when and only whenck = 〈vk, v〉 for all k.

5. Let T be a bounded operator on a Hilbert space. Show thatT is one-to-one if
and only if the adjoint operatorT ∗ has dense range.

6. Let f : R 7→ R be a smooth function with compact support. Prove that

∫∞

−∞
|f(x)|2 dx ≤ 2

[∫∞

∞
|xf(x)|2 dx

]1
2
[∫∞

∞
|f ′(x)|2 dx

]1
2

.

7. Suppose thatk ∈ L2([0, 1]×[0, 1]) and thatK is the Hilbert-Schmidt operator
onL2[0, 1] that is defined by the formula

Kf(x) =

∫ 1

0

k(x, y)f(y) dy.
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show that ifk(x, y) = k(y, x) almost everywhere, and if{λn} is the list of eigen-
values ofK (including multiplicities), then

∑
λ2

n =

∫ 1

0

∫ 1

0

|k(x, y)|2 dxdy.

8. Show that the formula

(Kf)(x) =

∫x

0

f(y) dy

determines a compact linear operatorK onL2[0, 1]. Find all the eigenvalues ofK.

9. Find the maximum and the maximizer of,
∫ T

0

e−(T−t)x(t)dt,

on the unit ball ofL2[0, T ].

10. Let H be a Hilbert space, and letv1, v2, . . . be a sequence of mutually orthog-
onal, non-zero vectors. Assume that the set of all finite linear combinations

N∑

i=1

civi

is dense onH. Prove that, for every vectorw ∈ H, the series

∞∑

i=1

〈w, vi〉
〈vi, vi〉vi

converges tow

11. Let {e1, e2, . . .} be an orthonormal set in a Hilbert spaceH. Show that the
operatorΛ : H 7→ H defined as

Λv =

∞∑

k=1

〈v, ek〉
k2

ek

is compact.
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12. Let X be the space of all polynomials (of any degree)f : [0, 1] 7→ R, with
norm

‖f‖ = max
x∈[0,1]

|f(x)| .

Decide whetherX is (i) a normed space, and (ii) a Banach space. Check carefully
all required properties.

13. Write the definition of theorderof a distributionT on the real lineR.
If Tφ ≥ 0 for every test functionφ ≥ 0, show thatT must have order zero.

14. Let
{
un

}+∞
n=1

and
{
vn

}+∞
n=1

be two orthonormal sets in a Hilbert spaceH.
Assume that

+∞∑

n=1

‖un − vn‖ < 1.

Show that if one set is complete, the other set is also complete.

15. On the Hilbert spaceL2([0, ∞) ), consider the linear operatorΛu(x) =

2u(x + 1).
(i) DetermineKer(Λ) andRange(Λ). Is Λ a compact operator ?
(ii) Determine the adjoint operatorΛ∗.
(iii) Compute the operator norm‖Λ‖.

16. Let X be an infinite dimensional Banach space and let(xn)n≥1 be a sequence
of linearly independent vectors. Define the subspacesVn = span{x1, . . . , xn}.
Prove that the union

V =
⋃

n≥1

Vn

is a subspace ofX which is not closed.

17. Let φ be a non-zero vector in a Banach spaceX. Call U = span{φ} =

{λφ ; λ ∈ R}.
Prove that there exists a closed subspaceV ⊂ X such thatX = U ⊕ V .

Namely, every elementx ∈ X can be written uniquely as a sum

x = u + v with u ∈ U , v ∈ V .

Moreover, show that the projectionsx 7→ u = πU x and x 7→ v = πV x are
continuous linear operators.
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