
Analysis C
Functional Analysis — Sample Exam Problems
1. If X is a subset of a Hilbert space H, then let

X⊥ = { v ∈ H | 〈v, x〉 = 0 ∀x ∈ X }.

Show that if X is any subset of H, then X⊥⊥ is the smallest closed subspace of H
that contains X.

2. Show that a non-empty, closed and convex subset of a Hilbert space has a
unique element of minimal norm.

3. Show that every orthonormal sequence in a Hilbert space converges weakly
to zero.

4. Let {v1, . . . , vn} be an orthonormal set in a Hilbert space H. Show that if
v ∈ H, then the quantity

‖v−

n∑
k=1

ckvk‖

is minimized when and only when ck = 〈vk, v〉 for all k.

5. Let T be a bounded operator on a Hilbert space. Show that T is one-to-one if
and only if the adjoint operator T ∗ has dense range.

6. Let f be a smooth and compactly supported function on R. Show that∫∞
−∞ |f(x)|2 dx ≤ 2

[∫∞
∞ |xf(x)|2 dx

]1
2
[∫∞

∞ |f ′(x)|2 dx

]1
2

.

7. Suppose that k ∈ L2([0, 1]×[0, 1]) and that K is the Hilbert-Schmidt operator
on L2[0, 1] that is defined by the formula

Kf(x) =

∫ 1
0

k(x, y)f(y)dy.
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show that if k(x, y) = k(y, x) almost everywhere, and if {λn} is the list of eigen-
values of K (including multiplicities), then

∑
λ2n =

∫ 1
0

∫ 1
0

|k(x, y)|2 dxdy.

8. Show that the formula

Vf(x) =

∫x
0

f(y)dy

determines a compact operator on L2[0, 1]. Find all the eigenvalues of V .

9. Show that the formula

Λ(f) = lim
ε→0
∫

|x|≥ε

f(x)

x
dx

defines a tempered distribution on R.

10. Prove that the Fourier transform is a homeomorphism from the Schwartz
space of R onto itself.

11. Show that the function f(x) = ex cos(ex) is a tempered distribution on R.

12. Give an example of a distributionΛ on R and a smooth, compactly supported
function f on R such that f vanishes on the support of Λ, yet Λ(f) 6= 0.

13. LetΛ be a distribution on R that has orderN and support {0}. Show that if f is
any smooth, compactly supported function and g(x) = xN+1f(x), then Λ(g) = 0.

14. Characterize (with proof) all distributions Λ on R for which d
dx
Λ = 0.

15. Let f be a smooth, periodic function on R. Show that f is a tempered dis-
tribution and R, and describe (with proof) the relationship between the Fourier
transform of f and its Fourier series.
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16. Show that the function f(x, y) = (x+ iy)−1 is a tempered distribution on R2
and compute its Fourier transform. Use your answer to determine a fundamental
solution for the operator d

dx
+
√

−1 d
dy

on R2.

17. Show that the function

k(x, y) =

{
1√
4πx
e− y2

4x x > 0

0 x ≤ 0

is a fundamental solution for the heat operator d
dx

− d2

dy2 .
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