Mid-Term Problems and Solutions, Spring 1996

We will use several times the result that describes the homology of
an adjunction space X = Y Uy ™. Namely, recall that the relevant
morphism is fi : Hy,—1(S™ 1) — H,,—1(Y), and that it determines the
homology groups of X as follows

(1) H,(X)~ H,(Y) for ¢ #m —1,m,
(2> Hm—l(X) = Hm—l(Y)/[m(f*)v
(3) H, (X) ~ H,(Y) & ker(f.).

An often used computation is that of f. = Ho(f) between path-
connected spaces: Ho(f) = id.

An other frequently used fact is the vanishing of a group morphism
between two groups one of if one of the groups is zero.

1. (a) Determine H,(S' x S'). Let p1,p; : S' x S' — S! be the
two projections. Find the morphisms pi., p2. @ H,(S' x S) —
H,(SY).

Proof. The torus S x S! is obtained by attaching a 2-cell to the space
Stv St=8t x {1} u{1} x S*

Stx ST =(S'v ShHuy el

The morphism f, : H;(S') — Hy(S'V S') was determined in class
(using Hurewicz’s theorem) to be zero. We obtain that the inclusion
induces an isomorphism H;(S'V S') ~ H,(S' x S') (see equation
(2) above). This also determines Hy(S' x S') ~ Hy(S' x S') ~ Z,
Hy(S' x S') ~ Z? and that all the other groups vanish.

Recall that the isomorphism Hl(Sl \Y Sl) ~ 7 @ 7 is obtained from
the two inclusions j1, 73 : ST — STV S1. The explicit formulas for these
inclusions are j1(z) = (z,1) and js(2) = (1, z). The isomorphism that
results is

jl* @]2* . Hl(Sl) @ Hl(Sl) — Hl(Sl V Sl)

Thus, in order to compute p;, on Hj it is enough to find pi 0 Jr«.
Since for ¢ = k the composition p; o ji is the identity and for ¢ # £ it
is a constant we obtain that pi.(a,0) = pi. (jl*(a)) = g and p1.(0,b) =
p1*<j2*(b)) = 0. Summing up pi«(a,b) = a is the projection onto
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the first component. Similarly pa.(a,b) = b is the projection onto the
second component.

On Hy both p;. are the identity (after canonical identifications, see
above) and on the other groups are zero (because H,(S') = 0 for ¢ > 1).

O

(b) Let m,n be two integers and define ¢ : S' — S' x S! by
the formula ¢(z) = (2", 2™). Determine ¢..

Proof. We observe as above that ¢, is the canonical isomorphism on
Hy, and vanishes on H, for ¢ > 2. The nontrivial morphism is thus the
one defined on H;. We know that

bu(k) = (ka,kb) € Z& 7 ~ Hy(S* x S")

for some integers a, b to be determined. The formulas for p;. above tell
us that pr.(¢«(k)) = p1«(ka, kb) = ka. On the other hand p;o¢(z) = 2"
is a map of degree n (proved in class) so a = n. Similarly b = m.

0
(c) Prove that 7. = —1 on H,(S" x S1) if 7(z,w) = (w, 2).

Proof. [From the first part we know that the inclusion gives an iso-
morphism Hy(S' x S1) ~ Hy(S' x S, 81V S'). Since 7 induces a map
of the pair (S' x S',S' Vv §') it is enough to determine the action of
7. on Hy(S' x 1, STV SY) ~ Hy(S' x §1/ST v S'). We can choose a
homeomorphism ¢ : S x §1/S'v St ~ S§2 that will transform the map
T into the map 7/(z,y,2) = (y,x, 2) (i.e. 7/ = t7¢~1). The morphisms
7 and 7’ will have the same degree. Since 7’ comes from a linear map,
its degree is the sign of the determinant, that is —1.

(An argument closer to one of the homeworks would be to say that
7’ is the suspension of the map z — 7z which is homotopic to the map
z —Z = z"! on the unit circle.)

O

For any integer k € Z we define 7, = D?/ =, where D* = {2z €
C,|z| <1}, and z = w if and only if z = w or z* = w* and |z| = 1.
Fix two integers m and n.

(a) Prove that the spaces X = 7,, and Y = 7,, x Z,, are CW-
complexes by providing explicit realizations. (i.e. find the
k-skeleta Xo C Xy Cc Xo =X and Yo CY, C...C Y, =Y and
describe the cells that are attached and the attaching maps.)



Proof. We denote by fi(z) = zF. Then Xp = €%, X; = e Uel = S!
and X? = S' Uy, e?. This describes the C'W-complex structure of the
space X.

Denote X' = Z,, and write X’ similarly as X' = fOU f!' Uy, f* (the
cells of X’ are denoted by the letter f).

We have that the skeleta of Y is given by

Yi= ] XixX;.
i+j=k
This gives one 0-cell, two 1-cells, three 2-cells (e x f%, e' x f! and
e? x f°), two 3-cells and one 4-cell.
The attaching maps of the 2-cells are i1d x f,, f-defined in the first

problem-and f,, x td. The second attaching map appears from the 2-
cell of the torus S x St C Y.

O

(b) Determine the chain complexes C'(X) and C(Y) associ-
ated to the above CW-complexes.
(c) Compute the groups H,(X) and H,(Y).

We will assume that m,n # 0. The same reasoning applies to the
case when one of m or n vanishes, but the results will have a different
form.

Proof. We have from the definition C(X) = (C,(X), d,) where C,(X) =
H,(X,, X,—1) and d, = j. 0 0, defined on C,(X), where j : X,_; —
(X,-1, Xy—2) is the inclusion of pairs. This gives for the space X,
dy = 0 and dy(e?) = me' (we identify the cells with the generators of
the groups). We obtain Ho(X) ~ Z, H1(X) ~ Z,, and H,(X) ~ 0 for
! ?olr the space Y we have on generators
di(e! x f°) = di(e” x f1) =0,
da(e® x fO)y =m(e® x f1), da(e! x f1) =10
(like for the torus), and
da(e® x f2) = n(e® x f1).
Similarly (with a grain of trust...)
da(e? x f1) =m(e' x f), ds(e’ x f*) = —n(e" x f1)
and, finally,
dy(e® x f2) = m(e' x f2) +n(e? x f1).



This gives Ho(Y) ~Z, Hi(Y) ~ Zy, X Zp,
Hy(Y)~Z/{am —bn,a, b€ Z} ~Z/(m,n)Z,
H3(Y) ~ {(a,b),am —bn =0,a,b € Z}/{(cn,em),c € Z} ~ Z,

where d = (m,n) is the greatest common divisor of m and n and
H,(Y) =0 for ¢ > 3.
O

(a) Determine the morphisms j. : H,(CP") — H,(CP"*!)
induced by the inclusion j : CP" — CP"*!,

Proof. We know that CP"*! = CP™ U ¢*"*? and hence the attaching
map induces a vanishing morphism

0= f* : H2n+1(52n+1) — H2n+1(CP2n).
This proves (see equations (1), (2) and (3) above) that j. is an isomor-

phism for all ¢ # 2n + 2, and that it is always one-to-one.
O

(b) Compute the homology groups H,(CP"** CP").

Proof. The inclusion CP* — CP™** induces morphisms between ho-
mology groups which by functoriality coincide with the composition

H,(CP™) — H,(CP™"') — ... — H,(CP™**)

of the morphisms from the first part of the problem. Since all above
morphisms are one-to-one (i.e. injective) it follows that their composi-
tion is also one-to-one.

Using this fact in the exact sequence of the pair (CP"** CP™) we
obtain that

H,(CP™** CP™) ~ H,(CP"**)/H,(CP™).
This finally gives
H,(CP™* CP™) ~0/0 =0 for qodd or ¢ > 2(n+k),
H,(CP™™* CP")~Z/Z=0for q=0,2,... ,2n
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and
H,(CP™ CP")~Z/0=7Zfor q=2(n +1),...,2(n +k)

(the only non-vanishing groups).



(c) Determine the morphism /[, : H,(RP") — H,(CP") deter-
mined by the natural inclusion, [ : RP" — CP",

([zo, 1y s 20]) = [To, T1,y - -, 20

Proof. On Hy we know that [, = id because both spaces are path-
connected. All other morphisms are 0. This is because H,(RP™) =0
for ¢ > 0 even and H,(CP") = 0 for g odd. O



