
Analysis Qualifying Examination

May 14, 2007

Instructions. Do two problems from each section. Only your top two problem
scores from each section will be recorded.

Section 1 - Real Analysis.

Problem 1. State the Monotone Convergence theorem and the Dominated Con-
vergence theorem, then prove the Dominated Convergence theorem using the
Monotone Convergence theorem.

Problem 2. Define a functionf : R → R by

f(x) =

{
x−1/2 0 < x < 1

0 otherwise.

Let {rn} be an enumeration of the rationals, and set

g(x) =

+∞∑
n=1

2−n f(x − rn).

Show the following:

(a)g is discontinuous at every point and unbounded on every interval;

(b) g ∈ L1(R), and so in particularg < +∞ a.e.;

(c) g2 is not integrable on any proper interval.

Problem 3. Let f : X → [0,+∞] be a measurable function on a measure space.
Show that there exists a sequence{Aj} of measurable sets such that

f =
∑
j≥1

1

j
χAj

.
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Problem 4. Let µ be a positive, finite Borel measure onR such that for every
Borel setA, the functiony 7→ µ(A + y) is continuous iny.

(a) Let χA be the characteristic function of a Borel setA. Let m be Lebesgue
measure onR. Apply Fubini’s theorem to the functionχA(x−y) to conclude that
if m(A) = 0, thenµ(A) = 0

(b) Show that there exists a functionf ∈ L1(R,m) such that

µ(A) =

∫
A

f(y)dm(y)

for every Borel setA.

Section 2 - Functional Analysis.

Problem 5. Let ‖ · ‖ be a norm onC[a, b] such that(C[a, b], ‖ · ‖) is a Banach
space and such that whenever‖fn − f‖ → 0, thenfn(t) → f(t) for all t ∈ [a, b].
Prove that the norm‖ · ‖ is equivalent to the supremum norm‖ · ‖∞.

Problem 6. Letp ∈ (1,∞). Prove that a linear operatorT : Lp([0, 1]) → Lp([0, 1])

is compact if and only if‖Tfn‖p → 0 for every sequence{fn} ∈ Lp([0, 1]) that
converges weakly to0.

Problem 7. LetH be an inner product space. Prove that if the Riesz representation
theorem holds forH, thenH is a Hilbert space.

Problem 8. A linear operatorT on a Hilbert spaceH is said to benormal if
TT ∗ = T ∗T .

(a) Let {λn} be a bounded sequence of complex numbers and letT : l2 → l2 be
defined byT {xn} = {λnxn}. Prove thatT is normal and find its spectrum.

(b) Use (a) to conclude that ifH is an infinite-dimensional separable Hilbert space,
then any compact subset ofC is the spectrum of a normal operator onH.

Section 3 - Complex Analysis.

Problem 9. Prove the following part of the Schwarz lemma: iff is an analytic
function from the unit disk inC to itself, and iff(0) = 0, then |f(z)| ≤ |z| for
every elementz of the unit disk.

2



Problem 10. Find a fractional linear transformation that maps the half-disk

{ z ∈ C : |z| < 1 and Im(z) > 0 }

bijectively onto the quadrant

{ z ∈ C : Re(z) > 0 and Im(z) > 0 }.

(Prove that your map has all the properties required of it.)

Problem 11. Let f be analytic on an open set containing the closed unit disk. Let
γ be the boundary of the unit disk (considered as a smooth closed curve with its
usual counter-clockwise orientation) and letw1 andw2 be distinct points in the
open unit disk. Evaluate the integral

1

2πi

∫
γ

f(z)

(z − w1)(z − w2)
dz.

Problem 12. Show that ifa > 1, then∫π

0

dt

a + cost
=

π√
a2 − 1

.
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