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Measure Theory

1. Let fn 2 L1([0; 1];m) (m is the Lebesgue measure) be a sequence of functions

which converges in the L1-norm to 0. Does it follow that fn
n
! 0 almost everywhere

on [0; 1]?

2. Show that almost all real numbers (with respect to the Lebesgue measure)
have the digit 7 in their decimal expansion.

3. LetM be the collection of all sets E in the unit interval [0; 1] such that either
E or its complement is at most countable. Show thatM is a �-algebra. If g(x) = x

for 0 � x � 1, show that g is not M-measurable.

4. Let f be nonnegative and Lebesgue integrable in the interval [0; 1], and
suppose that for every integer n = 1; 2; : : : ,

Z
1

0

[f(x)]n dx =

Z
1

0

f(x) dx:

Show that f must be a.e. equal to the characteristic function �E of some measurable
set E � [0; 1].

Functional Analysis

1. Let An be a sequence of bounded operators in a Banach space converging in
the norm to an operator A. Let � 2 SpecA. Prove that for every n > 0 there is a
sequence of complex numbers �n 2 SpecAn such that �n ! �.

2. Let (X;�) be a measure space. Fix f 2 L1(X;�) and consider an operator
Mf : L2(X;�) ! L2(X;�) de�ned by Mf (g) = fg. Show that kMfk � kfk1.
Determine all the functions f 2 L1(X;�) for which Mf is onto.

3. Show that the operator A de�ned on L2([0; 1];m) (m is the Lebesgue measure)
by

(Af)(x) =

Z
1

0

xyf(y) dy

is compact and self-adjoint. Find all its non-zero eigenvalues and the corresponding
eigenvectors.

4. Let V be a normed linear space. Prove that for any v 2 V

kvk = supfjv�(v)j : v� 2 V �; kv�k = 1g;

where V � is the dual space to V .
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Complex Analysis

1. Find all entire functions f which satisfy

Ref(x + iy) = x2 � y2 + 2

for all x; y 2 R.

2. Find the image of the domain fx+ iy : 0 < x < 1; y > 0g � C under the map
f(z) = z�1.

3. Find all poles of the function

f(z) =
1� cos z

(ez � 1)3

4. Consider the equation
z + �� ez = 0;

where � is a real number which is strictly bigger than 1. Show that this equation
has a unique root in the left half plane Rez < 0. Show also that this root is a real
number.


