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Abstract

The collection of Schur functions is a standard basis for the ring of symmetric
functions. The Littlewood-Richardson rule is a method used to expand the product
of two Schur functions in terms of this standard basis. From a representation
theoretical point of view, this is equivalent to finding the multiplicty of an
irreducible representation in the tensor product of two irreducible representations of
the symmetric group.

In this talk, we will show how a recent discovery in the realm of reduced
factorizations of the symmetric group has lead to a new combinatorial proof of the
Littlewood-Richardson rule. Time permitting, we will demonstrate how this
discovery relates to the Robinson-Schensted and Edelman-Greene correspondences.
No prior knowledge of symmetric functions and/or reduced factorizations of the
symmetric group will be assumed.




Ring of Symmetric Functions

Let f € Q[z1,29,... ,2n]. f is said to be symmetric if for every o € Sy

f(xapxaza s 7560]\[) — f(CCl,CCQ, s 733]\7)-

Clearly we have that if f and g are symmetric, then

f+g and [ xg

are also symmetric and it follows that the collection of symmetric functions has the
structure of a ring. We will denote the ring of symmetric functions in the variables

X =A{x1,29,... ,xn} by A(X).




Standard Bases of A(X)

Let A = (A1, A2, ..., Ay) be a weakly decreasing sequence of nonnegative integers.

1. Monomial symmetric functions, m
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Schur Functions

e Column Strict Tableaux of shape A\, C'ST()), are labelings of the cells of the
Ferrers diagram of A with the numbers 1 through N that are weakly increasing
from left to right and strictly increasing from bottom to top.
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e S(X)= 3 w1
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e The collection of all Schur functions forms a basis for A(X).




Problem

The coefficients CKM are known as Littlewood-Richardson coefficients and have the
following representation theoretical interpretation:

AN AT = (D (A1)
vEn+m

where A%, A" and A" are irreducible representations of S,,, S,, and S;_,
respectively. And therefore
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Children of a Permutation

For a given permutation 0 = (01,09, ... ,0y), define
r = max(i | 0; > 0;41) = “last descent”
s = max(i >r | 0; < 0y),

I ={i<r|o<os & Vje(i,r) 0, & (05,05}
)

Children(o {o(r,s)(i,r) | ieI}

Example:

362915478 356912478 352961478




Lascoux-Schutzenberger Tree

4125?5////’ 31?526
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The Shape of a Permutation

1 6 8 4 . .
The code of o is the vector whose 7'"

component consists of the number of
circles in the i column of it's diagram.

5
()
. ;) ®/> X The shape of o, denoted \(o) is the

decreasing rearrangement of it's code.
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Littlewood-Richardson Rule (Lascoux-Schiitzenberger)

Let o« € 5, and B € §5,, be Grassmanian permutations, that is, & and 3 each have
exactly one descent. Then the product S)(X)S,(X) where A = A(a)’ and
1t = A(B)" can be expanded in the following manner:

1. Form the Lascoux-Schiitzenberger Tree corresponding to a@ ® 3 where
a® b= (a,...,an,n+01,...,n+ 0n)

2. Let Leaves = {o} where o is a leaf in the L-S Tree.

3. Then
SANX)Su(X) = Z S/\(V)’(X)

v€ Leaves
and thus

cy . = {7 € Leaves | A(y)' = v}|.




Example

Let o = (3,1,2) and 6 = (2,3,1). Therefore
a®pB=(31256,4).
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Reduced Factorizations of the Symmetric Group

The symmetric group, Sy, is generated by simple transpositions s; = (i,7 + 1) for
1 <17 < N These generators satisfy the Coxeter relations

A word w = ajas - - -a; € [N — 1]* corresponds to o € Sy if

T = S S ©© ° Sy

w is said to be reduced if | =1(0) := |{(0s,05) | i <j 0, > 0,}|




Stanley Symmetric Functions

Let Red(o) denote the set of reduced words corresponding to o. Define the Stanley
symmetric function, F,(X), as follows

F,(X)= Z Z Lby Loy * * = L

’UJGRQCZ(O’) 1§b1§b2§§bl§N
w = ayas---a a; > a1 = by < biq

Theorem 1 For any permutation o, F,(X) is Schur positive.




Properties of F,;(X)

In the case when « and 3 are Grassmanian, the above properties imply

Sy X)Sp(X) = Y Syey(X)

o€ Leaves(a®[3)




Proof of Littlewood-Richardson Rule

Theorem 2
Fu(X)= )  F/(X)

ogeChildren(a)

Proof: We will demonstrate a bijection, 6, between the following two collections of

reduced words
Red(«) and U Red(o)
oeChildren(a)
such that if a = ajas- - - a; € Red(a) and 0(a) = wiwsy - - - w; € Red(o) for some
o in Children(a) then

a; > Qj41 <= W; > Wiy1.




