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This paper is a survey of various growth rates which are used in Beck and
Schl•ogl's book [1] to quantify aspects of dynamical systems. We begin by exam-
ining the need for such quantities in the nonlinear context, and by introducing
the Lyapunov exponents. From there we follow Beck and Schl•ogl in de�ning the
R�enyi dimensions and dynamical R�enyi entropies, and give an interpretation
of these two quantities in terms of �nite dimensional vector spaces equipped
with various L p norms, and the projections thereto of invariant measures on the
phase space.

Following this introduction to the language of growth rates, we then com-
pare several de�nitions of the topological pressure, from Beck and Schl•ogl [1],
Ruelle [5], and Katok and Hasselblatt [3]. While these de�nitions di�er widely
in notation, appearance, and level of mathematical rigour, it may be seen with-
out too much trouble that they do in fact agree in substance. We conclude by
mentioning the variational principle for topological pressure, which is a gener-
alisation of the corresponding principle for topological entropy.

1 The perils of nonlinearity

The general context in which we will work is that of a discrete time dynamical
systemf : 
 ! 
. For all practical purposes, the phase space 
 may be thought
of as a subset of Euclidean spaceRn , although all that we will generally require
is that it be a compact metric space.

The simplest example of such a system is, of course, a linear mapT : Rn !
Rn . We can easily visualise the action of such a map and calculate the long-term
behaviour of orbits by taking the Jordan decomposition ofT and writing Rn as
the direct sum of the generalised eigenspaces. Within each eigenspace, the rate
of expansion or contraction is determined by the corresponding eigenvalue, so
that the asymptotic behaviour of a generic point is governed by the eigenvalue
with largest modulus.

This initial triumph is immediately o�set by the fact that very few real-world
systems are actually linear; nearly all interesting examples exhibit nonlinearity,
and so we must develop more powerful tools to describe their behaviour. One of
the most accessible of these is the idea of the Lyapunov exponents, which replace
eigenvalues as the primary descriptor of expansion and contraction, which in this
case may be nonuniform.

In a linear system, two orbits which initially di�er by an eigenvector ~v of T
will, after n iterations, di�er by � n~v, where � is the eigenvalue corresponding
to ~v. Writing � = ln( � ), the di�erence is exp(n� )~v.

Passing to the nonlinear case, let us correspondingly abandon the linear
structure of the phase space, and take 
 be a smooth Riemannian manifold.
Consider an orbit of f given by (xn )1

n =0 ; we can represent an arbitrarily small
displacement ofx0 by a tangent vector ~v 2 Tx 0 
. The di�erential Df is a linear
map on the tangent bundle which takesTx n 
 to Tx n +1 
 for each n; after n
iterations, the initial displacement has been mapped to (Df )n~v. If we choose
~v to be a unit vector, then jj (Df )n ~vjj gives the total expansion thus far; in the
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linear case, this would be given by exp(n� ), so the average rate of expansion
� n (~v) is given by

exp(n� n (~v)) = jj (Df )n ~vjj (1)

� n (~v) =
1
n

ln jj (Df )n~vjj (2)

� (~v) = lim
n !1

� n (~v) (3)

= lim
n !1

1
n

ln jj (Df )n ~vjj (4)

� (~v) is the Lyapunov exponent, which in the linear case is simply the natural
logarithm of the eigenvalue� . A priori , we must take the upper limit (lim sup)
in order to ensure that � is well de�ned, but the multiplicative ergodic theorem
of Oseledec (see, for example, Theorem S.2.9 in [3]) establishes that the limit
itself does, in fact, exist for almost everyx0.

The basic properties of Lyapunov exponents may be found inx1.12 of [2];
for our purposes, it is enough to note the structure of equation (4), which will
recur later, and to observe that the existence of a positive Lyapunov exponent
generally implies sensitive dependence on initial conditions.1

This in turn renders long-term deterministic predictions meaningless, since
any measurement of the initial conditions will have only �nite precision. Hence,
we adopt the probabilistic approach, and seek to �nd a probability measure�
on the phase space 
 which is invariant under the map f . Then given a subset
X � 
 representing a certain collection of con�gurations, � (X ) will give the
probability of �nding the system in one of those states at any given time. If, in
addition, � is an ergodic measure forf , then the Birkho� Ergodic Theorem will
allow us to approximate � by plotting a histogram of a su�ciently long segment
of a single orbit.

Let C(
) denote the space of continuous R-valued functions on 
. Then
the dual spaceC(
) � is given, via the Riesz Representation Theorem (seex13.5
of [4]), by the space of �nite signed measures on 
. To obtain the proba-
bility measures, we consider the unit simplex inC(
) � , given by M = f � 2
C(
) � j � (1) = 1 ; � (g) � 0 8 g � 0g.2

The dynamical system f : 
 ! 
 gives rise to a linear (in fact, unitary)
operator L on C(
) � ,3 de�ned by

(L� )(g) = � (g � f ) (5)
Z

X
g d(L� ) =

Z

f � 1 (X )
g � f d� (6)

1 Indeed, Pesin's identity indicates that in many cases, the s um of the positive Lyapunov
exponents is equal to the Kolmogorov-Sinai entropy, which g ives the rate of information loss;
the nonvanishing nature of this quantity is one of the hallma rks of chaotic behaviour.

2We abuse notation by using � for both the linear functional 
 ! R and the measure
B(
) ! R; the correspondence is given by � (g) =

R

 g d� . It should be clear which is meant

from the context.
3Since M is not a linear space, we cannot speak of L as acting linearly on M . However,

it does possess an a�ne structure, which is preserved by the a ction of L .
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L� (X ) = � (f � 1X ) (7)

where X � 
. This is the Perron-Frobenius operator; its �xed points are pre-
cisely the invariant measures on 
. It can be shown (see, for example,x4.6 of [2])
that the set of these �xed points is compact and convex, and that its extreme
points are precisely the ergodic measures. Of these ergodic measures, some will
be physically meaningless (for example, the Dirac measure concentrated at an
unstable �xed point); we single out the one which is absolutely continuous with
respect to Lebesgue measure as the natural invariant measure. It is this measure
which we are pursuing; its support will be the attractor of the map, \ 1

n =0 f n (
),
which will often have a fractal structure, so that the natural invariant mea sure
will bear a nontrivial relation to the metric on 
. 4

2 The perils of in�nite dimensions

We have gone from a nonlinear problem involving the dynamical system (
; f )
to a linear problem in terms of the �xed points of L : M ! M . However, this
simpli�cation has been dearly paid for by the fact that the a�ne space M is
in�nite dimensional, and so many of the celebrated theorems of linear algebra
no longer apply, making our life rather more di�cult.

Symbolic dynamics allows us to pass to the �nite dimensional case by choos-
ing a partition of the phase space, in e�ect blurring our vision so that we cannot
see just what is going on inside each cell. In what follows we drop the assump-
tion of a manifold structure on 
, and require only that it be a compact metric
space.

Given a �nite partition U = ( Ui )n
i =1 of the phase space 
 into n disjoint

cells,5 we can de�ne a projection � : C(
) � ! Rn by

� (� ) i = � (Ui ) (8)

We also use� to denote the restriction of this projection to M . The probability
measures are mapped to vectors~p which have

P
i pi = 1 and which lie in the

positive cone spanned by the standard basis vectors ofRn ; that is, to the unit
simplex � n � 1 � Rn .

So far, so good. The next task is to see how the Perron-Frobenius operatorL
behaves under this projection, and it is here that things begin to get complicated
again. We would like to replace the question mark in the diagram below witha

4And to Lebesgue measure on 
, if the phase space is taken to be a manifold. The inter-
action between a particular invariant measure and notions o f distance and volume inherited
from the ambient space in which the attractor lies will be qui te important in what follows.

5 In order to use the topology on 
 to our advantage, it is often w ise to require the cells
Ui be closed; in general, we cannot achieve this while keeping t hem disjoint, so we must allow
their boundaries to intersect each other. With respect to th e natural invariant measure, these
intersections will have measure zero, and so will not presen t an impediment to our approach.
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bona �de operator, making the diagram commute:

C(
) � L //

�

��

C(
) �

�

��
Rn ? //Rn

Unfortunately, things are not this simple. Unless, by some wild coincidence,
there is some permutation� of the cells such thatf (Ui ) = U� ( i ) , no such operator
exists. Indeed, given an arbitrary � 2 C(
) � , we have, recalling (6) and (8),

(�� ) i = � (Ui ) (9)

� (L� ) i = � (f � 1(Ui )) (10)

and in general, the quantities � (f � 1(Ui )) will not be determined by the quan-
tities � (Uj ), since f � 1(Ui ) may intersect multiple cells of the partition. 6 Hence
if we wish to adequately deal with one iteration of the map, we must consider
all the intersections Ui \ f � 1(Uj ), where i and j run from 1 to n. Some of these
intersections may be empty; the non-empty ones yield a partition of the phase
space 
 into H2 � n2 cells, with the property that any two points which lie in
the same cell will have images lying in the same cellof the original partition U
as each other.

This idea can be extended to arbitrarily many iterations, and in general, we
make the following de�nition for N 2 N:

UN = fU i 0 \ f � 1(Ui 1 ) \ � � � \ f � (N � 1) (Ui N � 1 ) j 1 � i j � n 8 0 � j � N � 1g

As in the caseN = 2, many of these intersections will be empty; the nonempty
ones form a new partition of 
. We index the nonempty intersections by j ,
running from 1 to HN , where H1 = n, HN � 1 � HN � nN . Then the sets UN

j

are referred to asN -cylinders;7 two points lie in the sameN -cylinder if and only
if the �rst N points of the orbits they de�ne lie in the same sequence of cells in
U. That is to say, if we `blur' the phase space 
 so that we cannot distinguish
between points lying in the sameUi , then each N -cylinder comprises points
which are indistinguishable without iterating the map more than N times.

Beck and Schl•ogl [1] introduce the notion of anN -cylinder in x3.5, as a pre-
requisite to their later discussion of various growth rates. It is also introduced
by Ruelle [5], although not by name, as part of his de�nition of topological pres-
sure in x0.2. Our de�nition here is a slight formalisation of Beck and Schl•ogl's,

6This consideration is similar to those involved in �nding a M arkov partition; see x2.5 of [3]
for details.

7The term N -cylinder is due to the fact that, although these do not have t he geometric
appearance of a cylinder, they are de�ned by restricting N elements of a sequence inNN, and
letting the other elements vary freely. Such `cylinders' fo rm the basis of an arbitrary product
topology, and in the very particular case of R2 � R, restricting the �rst element to lie on
a circle while letting the second vary freely does indeed giv e the usual notion of a cylinder
(albeit of in�nite length), hence the use of the terminology for a general product topology,
and here as well.
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whose notation we primarily follow, and a speci�c case of Ruelle's, which is
slightly more general.8

Given UN , we have again a projection� N : C(
) � ! RH N . In order to gain
information about the asymptotic behaviour of the orbits of f , we will need to
pass to the limit N ! 1 , which is the price we pay for working with �nite
dimensional spaces.

This method of N -cylinders is one way to re�ne a partition, and so describe
the details of the structure of a measure� . The projections � N (� ) depend not
just on � itself, but on the map f as well, since it determines the partitions
UN . Hence the dynamics of the system in
uence any properties we quantify
via this method; it is also possible to re�ne the partitions without reference to
f , simply by taking UN to be a re�nement of UN +1 in such a way that the
diameter of UN (de�ned as the largest diameter of any cell) becomes arbitrarily
small asN grows. This is a sort of static re�nement; in the following section, we
will proceed along both lines, deriving two di�erent growth rates, one dynamic,
one static. Unlike the Lyapunov exponents, which described the growth rate of
small lengths, these will describe the growth rate of smallprobabilities.

It should be noted that in everything that follows, we will assume that the
partition U is a generating partition ; that is, that as N ! 1 , the N -cylinders
converge to single points. Equivalently, the diameter of the partitions UN must
go to zero asN grows. If this requirement is not ful�lled, then in addition to
taking limits, we will also need to take the supremum over all partitions, which
makes the de�nitions unwieldy.

3 R�enyi dimension and R�enyi entropy

We begin with a brief digression concerningL p spaces. Givenp 2 [1; 1 ), we
may de�ne a norm on Rn by

jj~xjjp =
� nX

i =1

jx i jp
� 1

p
(11)

The basic properties of these norms are discussed in chapter 6 of [4]. There the
space in question isC([0; 1]) rather than Rn , but the results are valid for any
vector space.9 In fact, equation (11) de�nes a function sp : Rn ! R for any
p > 0, although it is only for p � 1 that sp satis�es the triangle inequality and
becomes a norm.10

8Ruelle considers a dynamical system in which several commut ing transformations act on

, rather than just one; he uses the language of Z� acting on 
, while our analysis is restricted
to the case � = 1.

9 In general, the L p norms are de�ned on the space of real or complex valued functi ons on
an abstract measure space (X; � ), and for each p, the set of functions with �nite L p norm
forms a Banach space L p (X ). If X is also a compact metric space and � is a Borel measure,
then C(X ) � L p (X ) for every p, and this is the case Royden discusses, with X = [0 ; 1]. The
�nite-dimensional case we consider occurs when X is �nite, so that C(X ) = Rn .

10 When 0 < p < 1, the triangle inequality reverses direction; this can be s een in Figure 1,
where the sublevel sets are either concave or convex, depending on whether p is greater than
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Figure 1: Level sets for the functionssp : Rn ! R

Figure 1 shows the level setssp(~x) = 1 for various values of p in the case
n = 2. Only the �rst quadrant is shown; the others may be obtained by re
ection
around the axes. The casep = 1 yields the straight line from (0 ; 1) to (1; 0);
in Rn , this will be the unit simplex � n � 1, which we have already mentioned as
the image ofM under the projection � . For p 2 (1; 1 ), the level sets lie above
� n � 1; for p 2 (0; 1), they lie below it. All the level sets for p > 0 lie in the unit
square [0; 1] � [0; 1].

Also included in the diagram are level sets for negative values ofp. As
p approaches 0 from below, the curves lie further away from the origin; asp
approaches�1 , they move nearer to the origin, and approximate the union of
two lines, one horizontal, one vertical.

We will be interested in sp(~x) when ~x lies on the unit simplex; the diagram
indicates that given any ~x not on the axes, sp(~x) will decrease asp increases,
and will have a singularity at p = 0. The precise behaviour is shown in Figure 2,
for ~x = ( i

6 ; 1 � i
6 ), with i running from 0 to 6. The horizontal line represents

i = 0 and i = 6; the curve lying closest to the y-axis representsi = 3.
We saw in the discussion of Lyapunov exponents that given any sequence

(xn )1
n =1 � R+ which diverges to in�nity, we can quantify the exponential growth

rate by lim n !1
1
n ln xn .11 Given any N , we have the projection � N : M !

� H N � 1 � RH N ; �xing a value of � , we also have the functions� : RH N ! R as
in the above discussion of theL p spaces. Given a probability measure� 2 M , we

or less than 1.
11 In general, we must actually take the upper limit (lim sup) to ensure that the growth

rate is well de�ned. For the time being, we will follow Beck and Schl•ogl in speaking only of
limits, but the question of convergence ought to be kept in mi nd until such time as we have
an analogue of Oseledec' Theorem, such as the results in x6.6 of [5] based on the subadditivity
of the sequence whose growth rate we are considering.
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Figure 2: Dependence ofsp(~x) on p for various choices of~x 2 � n � 1.

compose the two functions, and consider the sequence given byxn = s� (� N � ).
Now we are in a position to bring this all together. Beck and Schl•ogl [1]

de�ne the (dynamical) R�enyi entropy K (� ) as follows:

K (� ) = lim
N !1

1
1 � �

1
N

ln
H NX

i =1

p�
i (12)

where pi = ( � N � ) i is the probability associated with the i th N -cylinder. This
bears a de�nite similarity to the sort of equations we have seen so far for growth
rates; the resemblance becomes more pronounced when we consider thedynamic
free energy, which is given by

� � 1(� � 1)K (� ) = lim
N !1

�
1

N�
ln

H NX

i =1

p�
i (13)

= lim
N !1

�
1
N

ln
� H NX

i =1

p�
i

� 1
�

(14)

= lim
N !1

�
1
N

ln s� (� N � ) (15)

This is nothing but the rate of decay of s� (� N � ) as the partition is re�ned dy-
namically through UN . If instead we re�ne the partition statically, subdividing
each cell into smaller cells of equal size (whatever that may mean in an arbi-
trary metric space), without regard for the action of f , then we have a similar
calculation for the R�enyi dimension :

D(� ) = lim
" ! 0

1
ln "

1
� � 1

ln
rX

i =1

p�
i (16)
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Here " is the diameter of the partition, r the number of cells, and~p = �� . This
can be brought more in line with (12) by taking N = � ln " and HN = r :

D (� ) = lim
N !1

� 1
N

1
� � 1

ln
H NX

i =1

p�
i (17)

As before, thestatic free energy is � � 1(� � 1)D (� ), which we can again see to
be

lim
N !1

� 1
�N

ln
H NX

i =1

p�
i = lim

N !1
�

1
N

ln s� (� N � ) (18)

Thus the static free energy is also the rate of decay of the sequences� (� N � ); the
only di�erence between D and K is the choice of how the partition is re�ned,
either statically or dynamically, which determines the projections � N .

Particular values of � often play a distinguished role in our analysis of a
dynamical system. For � = 1, we have s� (� N � ) = 1 for all N , since � N � 2
� H N � 1 , and it follows that the decay rate is zero. Further, as � ! 0, s� (~x)
diverges to in�nity. K is given by multiplying the decay rate by �

� � 1 , which
makes it possible forK (0) to be �nite and K (1) to be nonzero;12 the calculation
of these quantities, particularly K (1), must be treated with more care. It turns
out that K (0) is the topological entropy, while K (1) is the Kolmogorov-Sinai
entropy; we will see these again when we consider the variational principle for
topological pressure in the last section.

4 Topological pressure

By now it is clear that the quantities under examination in Beck and Shl•ogl's
book are growth rates (or decay rates, as the case may be). The Lyapunov
exponents are growth rates of in�nitesimal displacements, and depend on the
map f and the Riemannian metric, but not on the measure � . The R�enyi
dimensions, on the other hand, depend only on the measure� , but not on the
map f , and do not even require a Riemannian structure on 
 for their de�nition,
but only a metric. The R�enyi entropies likewise require only a metric, but
depend on both the measure� and on the map f .

Finally, we have the notion of the topological pressure, which, like the Lya-
punov exponents, requires a Riemannian structure on 
 in order to compute the
norms of the linear mapsDf x . Its de�nition makes no reference to the measure
� , but it will be seen to satisfy a variational principle which will relate i t to
R�enyi dimension and R�enyi entropy.

Beck and Schl•ogl de�ne the topological pressure as a functionP : R ! R
given by

P(� ) = lim
N !1

1
N

ln
H NX

k=1

j(f N )0(x (k )
0 )j � � (19)

12 All this holds for D as well.
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where the sum is over an ensembleX N of initial points, which they do not
rigorously de�ne. They o�er several possibilities for the choice ofX N , with no
justi�cation for the implicit claim that the di�erent choices do in fact de�ne the
same function. One possibility is to let X N consist of one point from eachN -
cylinder; the actual choice of point is unspeci�ed, with the implicit assumption
that it will not matter as N grows and the cylinders shrink. Another choice is
to let X N comprise the �xed points of f N , although it is not immediately clear
that f even has in�nitely many periodic points;13 in what follows, we will use
the �rst option, considering N -cylinders, since it is in better agreement with
the other de�nitions we consider.

The pressure can in fact be de�ned for arbitrary continuous test functions
� : 
 ! R. Note that using the chain rule, equation (19) can be rewritten as

P(� ) = lim
N !1

1
N

ln
H NX

k=1

N � 1Y

n =0

jf 0(x (k )
n )j � � (20)

= lim
N !1

1
N

ln
H NX

k=1

exp
� N � 1X

n =0

� � ln jf 0(x (k )
n )j

�
(21)

= lim
N !1

1
N

ln
H NX

k=1

exp
�

(SN � )(x (k )
0 )

�
(22)

where we set� (x) = � � jf 0(x)j,14 and SN � =
P N � 1

n =0 L n � is the sum along the
�rst N points of the orbit. We take equation (22) to be the generalised de�nition
of P(� ), which is more in line with the approach taken by Ruelle [5]. He takes
X N to be a set of representatives from each of theN -cylinders of f , and works
in the setting of a Z � -action on 
, where � � 1; restricting his language to the
case� = 1 and transliterating to our present notation, the de�nition given in
x0.2.II is as follows:

ZN (�; U) = min

"
X

j

exp
�

sup
x 2B j

SN � (x)
�

: (Bj ) is a subcover ofUN

#

(23)

P(�; U) = lim
N !1

1
N

ln ZN (�; U) (24)

P(� ) = lim
diam U! 0

P(�; U) (25)

The minimum in (23) has to be taken because Ruelle works in terms ofcovers,
rather than partitions; in our case, sinceU (and henceUN ) is a partition, it has

13 It turns out that if f is hyperbolic, then in fact the set of periodic points is dens e in the
set of non-wandering points, as a consequence of Anosov's shadowing theorem (see x5.3 of [2]),
and that if in addition the map f preserves a Borel probability measure � whose support is the
whole phase space 
, then every point is non-wandering (see x4.2 of [2]), and hence periodic
points are dense in 
.

14 Beck and Schl•ogl make this de�nition in one-dimensional cas e where 
 = R. They men-
tion a generalisation to higher dimensions in the di�erenti al is projected onto the expanding
directions of the tangent space, but do not carry anything ou t in detail.
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no proper subcover, and so we do not need to take the minimum.15 Similarly,
the dependence ofP on U, along with the need to take the limit in (25), vanishes
under the assumption that U is a generating partition. Thus it can be seen that
Ruelle's de�nition agrees with (22), with the particular choice of x (k )

0 as the
point which maximises SN � over the N -cylinder.

Katok and Hasselblatt [3] also de�ne the topological pressure (x20.2), al-
though without direct reference to a partition U. Instead, they de�ne for each
N a new metric dN on X by

dN (x; y) = max
0� k � N � 1

d(f k (x); f k (y)) (26)

and then consider the growth rate of the sum
P

x 2 X N
exp(SN � (x)), where X N

maximises this sum over all (N; " )-separated setsX , that is, over all sets X such
that x; y 2 X implies dN (x; y) � " .16 This is not identical to the de�nition in
terms of U, but is evidently very similar, and yields the same limit as " ! 0+ .
In fact, if f is expansive,17 meaning that for some� > 0 any two points x 6= y
have d(f N (x); f N (y)) � � for some N , then we do not even need to take the
limit, but merely need to choose" < � ; this is equivalent to the fact that taking
U to be a generating partition allows us to dispense with taking the limit as the
diameter of U goes to zero.18

Whichever form we decide to use in our framing of the de�nition, it is ap-
parent that the topological pressure is a growth rate, measuring the growthof
the sum

ZN (� ) =
X

x 2 X N

exp
�

SN � (x)
�

(27)

with respect to N . The super�cial di�erences between the various de�nitions
merely represent di�erent choices of the initial setsX N .

Having seen those three de�nitions of the topological pressure, it is worth
noting that Ruelle in fact de�nes the pressure two more times in his book [5].
The de�nition in x3.4 is given in the context of a lattice system, that is, 
 �
(
 0)Z �

, where Z � is the lattice, 
 0 is the set of values which may occur at each
site, and the action � x is translation by the element x of Z � .19 Then he de�nes
the pressure as the growth rate of a partition function

Z �
� (� ) =

X

� 2 
 �
�

exp
X

x 2 �

� (� x � � ) (28)

15 Here it is appropriate to recall the technical point made ear lier that if we take the cells
to be closed subsets of 
, then they will have non-trivial int ersections. To guarantee that UN

has no proper subcover, we require that these intersections have empty interiors and are of
measure zero.

16 We can also take X N to be the set which minimises this sum over all sets X which are
(N; " )-dense in 
, and will obtain the same value in the limit.

17 Note that expansive is not the same thing as expanding.
18 We can say more; if f is expansive, then we do not need to worry about choosing a

generating partition. More precisely, for a map with expans iveness constant � , any partition
with diameter less than � will be a generating partition.

19 There are further technical restrictions on 
, but they are u nimportant for this brief
summary. Note also that in the case � = 1, Ruelle's language reduces to the language of
subshifts of �nite type.
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where 
 �
� is the set of con�gurations on � � R� which can be extended to a

con�guration � � on all of R� such that � � 2 
. The limit in the equation for
the growth rate is taken as � expands to an arbitrarily large (�nite) subset o f
R� , corresponding to f 0; 1; : : : ; N � 1g in our usual de�nition. The sum over
elements of � corresponds to the function SN , and the extension from � to � �

corresponds to the choice of a particular initial point in the N -cylinder (or in
this case, the �-cylinder).

The de�nition he gives in x6.6 is once again in the general context where 

is a compact metric space, with no added structure assumed (although it is still
acted upon by Z � ), and is essentially a 
eshing out of the de�nition from x0.2,
using some arithmetic tricks involving subadditivity to show that the lim it taken
in the de�nition of the growth rate does in fact exist. He proceeds in x6.7 to
give two alternate de�nitions in terms of separated and spanning sets, which
are equivalent to the de�nitions given in Katok and Hasselblatt [3].

Thus far we have made no mention of convergence issues; it may happen
that the pressure is in fact in�nite for some test function. However, it can be
shown that if P(� ) = + 1 for some � 2 C(
), then P(� ) = + 1 for every
� 2 C(
), and in particular, P(0) = + 1 . Putting � = 0 in equation (22) gives
P(0) = lim N !1

1
N HN , and so P(0) is the growth rate of the number HN of

non-empty N -cylinders; this is just the topological entropy htop (f ) = K (0), and
so we have the general result thatP(� ) is �nite for all � 2 C(
) if and only if
the topological entropy P(0) is �nite.

5 Variational principle

A priori , the topological pressure makes no reference to any measure� on 
.
Following Katok and Hasselblatt [3], we can de�ne the pressure of a measure�
by

P� (� ) = h� (f ) + � (� ) (29)

whereh� is the measure-theoretic (Kolmogorov-Sinai) entropy off , and � (� ) =R

 � d� is the expectation value of � , thought of as an observable quantity on

the phase space 
.
If we call � � (� ) the mean energy, and�P � (� ) the free energy, then equa-

tion (29) can be written as

mean energy = entropy + free energy

corresponding to our usual understanding, and the principle of minimum free
energy leads us to expect that� ought to be chosen to minimise the quan-
tity (energy � entropy), or equivalently, to maximise P� (� ). And indeed, the
variational principle for the topological pressure (see [3] for proof) states that

P(� ) = sup
� 2M

P� (� ) (30)

Denote by � � the measure for which this supremum is attained, soP� � (� ) =
P(� ). Beck and Schl•ogl [1] call � � the Gibbs measurefor the test function � ,
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and o�er no proof of its existence or uniqueness.20 Ruelle [5] suggests inx6.13
that in general, neither existence nor uniqueness need hold, and refers to such
measures asequilibrium states, reserving the term Gibbs statefor another sort
of measure, whose de�nition is beyond the scope of this survey.21 Beck and
Schl•ogl mention brie
y that in the case � = 1, the Gibbs measure corresponding
to � (x) = � ln jf 0(x)j is the SRB measure, which for expanding maps is indeed
the natural invariant measure we had hoped to �nd. Again, though, it is not
clear what to do in higher dimensions.

For the present, let us simply conclude by pointing out that in the case
� = 0, we have � (� ) = 0 for every � 2 M , and henceP� (0) = h� (f ) is simply
the metric (Kolmogorov-Sinai) entropy K (1). Hence the variational principle
for pressure reduces to the variational principle for entropy:

htop (f ) = sup
� 2M

h� (f ) (31)

and � 0, if it exists, is a measure of maximal entropy, for which the topological
entropy K (0) is equal to the Kolmogorov-Sinai entropy K (1).
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