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Subshifts

Definition

Let A be a finite set of symbols. A one-dimensional subshift on
A'is a closed subset of A% which is invariant under the shift
operator S, where S(x)(n) = x(n+ 1). Two subshifts X on A
and Y on B are isomorphic if there is a homeomorphism

¢ : X — Y which commutes with S.




Subshifts

Definition

Let A be a finite set of symbols. A one-dimensional subshift on
Ais a closed subset of AZ which is invariant under the shift
operator S, where S(x)(n) = x(n+ 1). Two subshifts X on A
and Y on B are isomorphic if there is a homeomorphism

¢ : X — Y which commutes with S.

Definition

A subshift may be defined by a set of forbidden words

W C A<N (where A<N is the set of finite sequences from A),
where W determines the subshift

Xw={xecAl :Ywe W (wZx)}

(and w C x means that w occurs as a subsequence of x).
A subshift is said to be of finite type when W is finite.
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Classifying subshifts up to isomorphism

m The problem of classifying one-dimensional and higher
dimensional subshifts has been well studied, with the aim
of finding invariants for isomorphism.

m More is known about subshifts of finite type, but we will
consider arbitrary subshifts.

m One can ask how complicated a set of complete invariants
for isomorphism needs to be.

m We will consider this equivalence relation from the
standpoint of descriptive set theory, and determine its
complexity among Borel equivalence relations under the
relation of Borel reducibility, <g.

m This will allow us to gauge the difficulty of this classification
problem, and compare it to other problems.
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We say that an equivalence relation E on a space X is Borel
reducible to an equivalence relation F on the space Y, E <p F,
if there is a Borel-measurable function 7 : X — Y such that for
all x1, x> € X we have x; E x if and only if f(x1) F f(x2).

We write E Cg F when the we can find such an f which is
injective.



Borel reducibility

A Borel equivalence relation is an equivalence relation E on a
Polish space X such that E is Borel as a subset of X2.

Definition

We say that an equivalence relation E on a space X is Borel
reducible to an equivalence relation F on the space Y, E <p F,
if there is a Borel-measurable function f : X — Y such that for
all x1, x> € X we have x; E x if and only if f(x1) F f(x2).

We write E Cg F when the we can find such an f which is
injective.

Note that having E <g F amounts to having a definable
injection from the quotient space X/E into the quotient Y/F, so
that when E <g F we may view the relation F as being at least
as complicated as E.
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Borel reducibility (cont.)

We say that an equivalence relation E is countable if every
equivalence class of E is countable.

Definition
We say that E is a universal countable Borel equivalence

relation if E is a countable Borel equivalence relation and for
every countable Borel equivalence relation F we have F <g E.

Several such examples are known:

m We will use here the shift relation of the free group on two
generators T, on the space 22, denoted E(Fy, 2).

m Recursive homeomorphism of elements of 5V.
m Conjugacy of subgroups of F.
Any two of these are bi-reducible.
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Borel reducibility (cont.)

Definition

An equivalence relation E on X is smooth if it is Borel reducible
to the identity relation on some Polish space Y, i.e. there is a
Borel-measurable function f : X — Y such that x; E x» if and
only if f(x1) = f(x2).

Smooth equivalence relations are those which admit a single
element of some Polish space as a definable complete
invariant.

A standard example of a non-smooth countable Borel
equivalence relation is the relation Ey of eventual equality on
the Cantor space 2V.

In particular, any universal countable Borel equivalence relation
is non-smooth.
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Borel reducibility (cont.)

The relation of Borel reducibility may be used to gauge the
complexity of a classification problem.

If a complicated equivalence relation E is Borel reducible
to an equivalence relation on a suitable class of structures,
then there can be no complete invariants for the second
relation which are fundamentally simpler than complete
invariants for E.

If we can reduce Ej to some equivalence relation, then this
relation does not admit a single real (or even a finite set of
reals) as a complete invariant.

We will show that isomorphism of subshifts is a universal
countable Borel equivalence relation.

In particular it is not smooth, and it will not admit complete
invariants fundamentally simpler than the equivalence
classes under isomorphism.
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The space of subshifts

We first see that subshifts can be appropriately viewed as
elements of a Polish space.

We may assume that the alphabet Ais n={0,...,n— 1} for
some n > 2.

Definition

For n > 2, the space F is the set of closed, S-invariant
subsets of n”. We view this as a subspace of the compact
Polish space F(n”) = K(n”) in the Vietoris topology.

Lemma

F? is a closed subspace of K(n%).

Proof.

It suffices to check that the function S : K(n*) — K(n”) given
by S(X) = S[X] is a homeomorphism, since then

F$ ={X e K(n*): S(X) = X} is closed.




The space of subshifts (cont.)

Proof (cont.).

m Let d be the compatible metric on n” given by
d(x7y) = 2—inf{|k|:x(k)7$y(k)} for x ?é y.

Then d(S(x), S(y)) < 2d(x, y).



The space of subshifts (cont.)

Proof (cont.).

m Let d be the compatible metric on n” given by
d(x7y) = 2_inf{|k|:x(k)7£}’(k)} for x ?é y.

Then d(S(x), S(y)) < 2d(x,y).
m Let dy be the Hausdorff metric on K(n?) given by
dy(X,Y) =sup |nf d(x y) for X, Y #£0
xex VY

du(X,0)=1 for X # 0.

This is a compatible metric for K(n”).
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The space of subshifts (cont.)

Proof (cont.).

We now check that S is continuous.
dn(S(X),S(Y)) = sup inf d(x,y)=sup inf d(S(x), S(y))
xe&(X) YeS(Y) xeX yeY
< 2sup inf d(x y) =2dy(X,Y).

xeX YEY



The space of subshifts (cont.)

Proof (cont.).

We now check that S is continuous.

dy(S(X),5(Y)) = sup inf d(x,y)=sup inf d(S(x),S(y))

xe8(x) ye8(Y) xeX yeY
< 2sup inf d(x y) =2dx(X,Y).
xeX YEY

Hence S is continuous.
S~ is similar, so S is a homeomorphism. O
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Definition

For n > 2, let Z, be the set of countable sequences of finite

sequences in n, i.e. Z, = (n<Y)N, with the product topology. For
W e Z, we associate the space Xy € FS given by

Xy = {x € i i (W(i) £ 0 = W(i) Z x)}.
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We can also consider the representation of subshifts using
forbidden words.

Definition

For n > 2, let Z, be the set of countable sequences of finite
sequences in n, i.e. Z, = (n<Y)N, with the product topology. For

W e Z, we associate the space Xy € FS given by
Xw = {xent Vvi(W(i) #0= W(>i)Zx)}.

m Then every subshift on nis represented by an element
W e Z,.



The space of subshifts (cont.)

We can also consider the representation of subshifts using
forbidden words.

Definition

For n > 2, let Z, be the set of countable sequences of finite

sequences in n, i.e. Z, = (n<Y)N, with the product topology. For
W e Z, we associate the space Xy € FS given by

Xy = {x € i i (W(i) £ 0 = W(i) Z x)}.

m Then every subshift on nis represented by an element
W e Z,.

m Several different sets of forbidden words may produce the
same subshift; we wish to see that this is not problematic.
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The space of subshifts (cont.)

For Wy, W, € Z,, we set W; ~ W, if XW1 = XW2.

Lemma

The function F : Z, — F$ given by F(W) = Xy is
Borel-measurable. O




The space of subshifts (cont.)

Definition
For Wy, W, € Z,, we set W; ~ W, if XW1 = XW2'

The function F : Z, — F$ given by F(W) = Xy is
Borel-measurable. O

Since W; ~ W, if and only if F(W;) = F(W,), we thus have:

Corollary
The relation ~ is a smooth Borel equivalence relation on Z,. O



The space of subshifts (cont.)

Definition
For Wy, W, € Z,, we set W; ~ W, if XW1 = XW2'

The function F : Z, — F$ given by F(W) = Xy is
Borel-measurable. O

Since W; ~ W, if and only if F(W;) = F(W,), we thus have:

Corollary

The relation ~ is a smooth Borel equivalence relation on Z,. O

Hence it will not matter which representation we use for
subshifts (from the standpoint of Borel reducibility).
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Theorem (Curtis-Hedlund-Lyndon)

Suppose X and Y are subshifts on A and B, respectively, and
v : X — Y is a morphism of subshifts, i.e. a map commuting
with the shift. Then ¢ is given by a block code, i.e. there is a
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The isomorphism relation on subshifts

We now consider the isomorphism relation on the spaces F .

For X, Y € FS, we set XE Y if (X, S) = (Y, S).

A basic result which we will utilize is the following:

Theorem (Curtis-Hedlund-Lyndon)

Suppose X and Y are subshifts on A and B, respectively, and
v : X — Y is a morphism of subshifts, i.e. a map commuting
with the shift. Then ¢ is given by a block code, i.e. there is a
natural number r and a function = : Al="-% — B such that

e(x)(n) =7(S"(x) I {-r,....r}).
In particular, any isomorphism of subshifts has this form.

Note that there are only countably many such block codes, and
any isomorphism of subshifts is recursive.
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The isomorphism relation on subshifts (cont.)

Lemma

E is a countable Borel equivalence relation on each Fy.

Proof.

Each E class is countable since there are only countable many
block codes 7 and each determines Y uniquely from X.

To see that E is Borel, let f; be the continuous function given by
a block code 7 : ni="" — n. We then have:

XEY < 3rdavx e n [(x € X = f(x) € Y)A
(xeY=FfheX)N(xeX=fzof(x)=x)
& InIr-Ix e n [(x e X\ £ [Y])V
(x € Y\ FX]) V (x € XA f(f(x)) # )]



The isomorphism relation on subshifts (cont.)

Lemma

E is a countable Borel equivalence relation on each Fy.

Proof.

Each E class is countable since there are only countable many
block codes 7 and each determines Y uniquely from X.

To see that E is Borel, let f; be the continuous function given by
a block code 7 : ni="" — n. We then have:

XEY < 3rdavx e n [(x € X = f(x) € Y)A
(xeY=FfheX)N(xeX=fzof(x)=x)
& InIr-Ix e n [(x e X\ £ [Y])V
(x € Y\ FX]) V (x € XA f(f(x)) # )]

The matrix is K, so the projection is also K, ; as = and 7 range
over a countable set this relation is Zg and hence Borel. O
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Complexity of the isomorphism relation

We will show that this relation is already of maximal complexity
for the smallest non-trivial alphabet n = 2.

E(F»,2) is the orbit equivalence relation of the shift action of
the free group on two generators, F, on the space 22,

The action is given by g - x(h) = x(g~"h).

This is a universal countable Borel equivalence relation.

We will need the following technical lemma:

Lemma

There is an F»-invariant Borel set A C 22 such that:
m E(F2,2) Cg E(F2,2) | A so E(F2,2) | Ais a universal
countable Borel equivalence relation.
m Forx,y € Awith—-x E(F,,2) y, there are infinitely many
g € 2 with x(g) # y(9)-
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0 otherwise
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For x € 2%2 let f(x)(w) =
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Complexity of the isomorphism relation (cont.)

Proof.

Let F» be generated by a and b.

Let H C IF» be the subgroup generated by a® and b?.
Let p : F> = H be induced by p(a) = a® and p(b) = b?.
For x € 2%2 let f(x)(w) =

x(u) if w= p(u) for some u or
w = p(u)abv for some u and some reduced word
v whose leftmost symbol is not b~
0 otherwise

Let A be the F»-saturation of the range, A = I, - f[272].
Then A is Borel since f is injective.
It is straightforward to check that A is as desired. |
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from the previous lemma and E is the isomorphism relation
for subshifts on the alphabet 2.
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m We will show that E(F»,2) [ A <g E, where Ais the set
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m Given a point x € 272, we will produce a subshift
o(x) = Xx.

m Let s ~ t denote the concatenation of two finite sequences
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Complexity of the isomorphism relation (cont.)

The isomorphism relation on one-dimensional subshifts is a
universal countable Borel equivalence relation.

m We will show that E(F»,2) [ A <g E, where Ais the set
from the previous lemma and E is the isomorphism relation
for subshifts on the alphabet 2.

m Given a point x € 272, we will produce a subshift
o(x) = Xx.

m Let s ~ t denote the concatenation of two finite sequences
sand t.

m Let |s| be the length of a finite sequence.

m Let F» be generated by a and b.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Define a map p : F» — 2<N by letting:

p(e) = 11000011
p(a) = 11100011
p(a') =11010011
p(b) = 11001011
p(b~") = 11000111

p(W) = p(Wo) ~ -+ ~ p(Whn)
forw=wy ~--- ~ w, # e areduced word

with each w; € {a,a ', b,b™ "} and w1 # w; .

Note that for each w € F», |p(w)| = 8k for some k > 0.
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Proof (cont.).

m Define the map d : 2 — 2<N py:

d(0) = 101
d(1) = 111.

Note that both of these sequences have length 3.
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Proof (cont.).

m Define the map d : 2 — 2<N py:

d(0) = 101
d(1) = 111.

Note that both of these sequences have length 3.
m Fix an enumeration of Fp, Fo = {w; : i € N}.
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Proof (cont.).

m Define the map d : 2 — 2<N py:

d(0) = 101
d(1) = 111.

Note that both of these sequences have length 3.
m Fix an enumeration of Fp, Fo = {w; : i € N}.
m For a finite sequence s € 2<N let 0 ~ s ~ 0 denote the

element of 2% whose negative coordinates are all 0,
followed by s, followed by all 0’s.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Define the map d : 2 — 2<N py:

d(0) = 101
d(1) = 111.

Note that both of these sequences have length 3.
m Fix an enumeration of Fp, Fo = {w; : i € N}.
m For a finite sequence s € 2<N let 0 ~ s ~ 0 denote the

element of 2% whose negative coordinates are all 0,
followed by s, followed by all 0’s.

m Let S be the periodic element of 2% with period |s| induced
by s (starting at coordinate 0).



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Define the map d : 2 — 2<N py:

d(0) = 101
d(1) = 111.

Note that both of these sequences have length 3.
m Fix an enumeration of Fp, Fo = {w; : i € N}.
m For a finite sequence s € 2<N let 0 ~ s ~ 0 denote the

element of 2% whose negative coordinates are all 0,
followed by s, followed by all 0’s.

m Let S be the periodic element of 2% with period |s| induced
by s (starting at coordinate 0).

m Finally, let p(/) denote the i-th prime.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For an element x € 2F° define the countable set Ayx:
A = {0 ~ d(w; - x(Wg)) ~ 010K ~ p(w;) ~0:i k e N} U
{d(0) ~ 0P(2n+2)=3 . np € N} U
{d(1) ~ 0P@n+3)-3 : n ¢ N}




Complexity of the isomorphism relation (cont.)

Proof (cont.).

For an element x € 2F° define the countable set Ayx:
A = {0 ~ d(w; - x(Wg)) ~ 010K ~ p(w;) ~0:i k e N} U
{d(0) ~ 0P(2n+2)=3 . np € N} U
{d(1) ~ 0P@n+3)-3 : n ¢ N}

Let p(x) = Xx where:

X = | S"AA.

nez

Thus, X is the smallest subshift containing Ay.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

We first check that ¢ is a Borel-measurable map from 2"z to F5.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

We first check that ¢ is a Borel-measurable map from 2"z to F5.
To see this, first note that the intermediate map x — W is
Borel, since:

s € W, if and only if

~3i3k3n (s € 0™ ~ d(w; - X(Wk)) ~ 0K ~ p(w;) ~ 0™) A
—3nim (s C (d(0) ~ 0P(2n+2)—3)m) A

—3n3dm (s C (d(1) ~ 0PH3)=8ym),



Complexity of the isomorphism relation (cont.)

Proof (cont.).
We first check that ¢ is a Borel-measurable map from 2"z to F5.
To see this, first note that the intermediate map x — W is
Borel, since:
s € W, if and only if
~3i3k3n (S T 0™ ~ d(w; - x(Wg)) ~ 01K ~ p(w;) ~ 0™) A
—3n3m (s C (d(0) ~ OP(1+2)=3)m) A
—3n3m (s C (d(1) ~ OPM3)=3)m),

Then ¢ is this map followed by the Borel map given earlier
which sends W, to Xj.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

It remains to check that ¢ witnesses that E(F»2,2) | A <g E.



Complexity of the isomorphism relation (cont.)

Proof (cont.).
It remains to check that ¢ witnesses that E(F»2,2) | A <g E.
Recall Ay:
Ay = {0 ~ d(w; - x(wk)) ~ 09K ~ p(w;) ~0: i,k € N} U
{d(0) ~ 0P(2n+2)=3 . n € N} U
{d(1) ~ 0p(2n+3)-3 . n € N}




Complexity of the isomorphism relation (cont.)

Proof (cont.).
It remains to check that ¢ witnesses that E(F»2,2) | A <g E.
Recall Ay:
Ay = {0 ~ d(w; - x(wk)) ~ 09K ~ p(w;) ~0: i,k € N} U
{d(0) ~ 0P(2n+2)=3 . n € N} U
{d(1) ~ 0p(2n+3)-3 . n € N}

The periodic points of Xy are (shifts of) the following points:

(@]

period 1
d(0) ~ 0p(@n+2)-3 period p(2n + 2)
d(1) ~ 0p(@n+3)-3 period p(2n + 3)
p(w)

for w e I period 8 - |w| (where |e| = 1)



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For every x, Xy also includes the following limit points:
0~ d(0) ~
0~ di1) ~
0~p(w)~0 forw e,

all left-, right- or bi-infinite sequences of p(w)’s
(with other coordinates 0).

| ©1 Ol



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For every x, Xy also includes the following limit points:

0~d0)~0

0~d(1)~0

0~p(w)~0 forw e,

all left-, right- or bi-infinite sequences of p(w)’s
(with other coordinates 0).

Depending on the orbit of x (for various /, k and right-infinite
words w* from [F») it may also include points of the form:

0 ~ d(i) ~ 010K ~ p[w*].




Complexity of the isomorphism relation (cont.)

Proof (cont.).

Suppose first that x, y € 2F2 with x E(F»,2) y.
We show that (Xx, S) = (Yx, S) (we do not need x, y € A).



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Suppose first that x, y € 2F2 with x E(F»,2) y.
We show that (Xx, S) = (Yx, S) (we do not need x, y € A).

m Since a and b generate F», it suffices to show this when
y=a-xory=>b-x.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Suppose first that x, y € 22 with x E(F5,2) y.
We show that (Xx, S) = (Yx, S) (we do not need x, y € A).

m Since a and b generate F», it suffices to show this when
y=a-xory=>b-x.

m Considerthe case y = a- x (thecaseof y = b- xis
identical).



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Suppose first that x, y € 22 with x E(F5,2) y.
We show that (Xx, S) = (Yx, S) (we do not need x, y € A).

m Since a and b generate F», it suffices to show this when
y=a-xory=>b-x.

m Considerthe case y = a- x (thecaseof y = b- xis
identical).

m Let P be the set:

{d(0) ~ 0Pn+2)-8 : n € N} U {d(1) ~ 0p(n+3)-3 . n ¢ N}



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Suppose first that x, y € 22 with x E(F5,2) y.
We show that (Xx, S) = (Yx, S) (we do not need x, y € A).

m Since a and b generate F», it suffices to show this when
y=a-xory=>b-x.

m Considerthe case y = a- x (thecaseof y = b- xis
identical).

m Let P be the set:

{d(0) ~ 0Pn+2)-8 : n € N} U {d(1) ~ 0p(n+3)-3 . n ¢ N}

m Then we have:
Ac=P U {0 ~ d(w - x(wg)) ~ 0" ~ p(w;) ~0: i,k e N}



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Compare this to A, when y = a- x:

Ay =PU{0 ~ d(w; - y(w)) ~ 0" ~ p(w;) ~0: i k € N}
= PU{0 ~ d(wia- x(wk)) ~ 0" ~ p(w;) ~0: i,k € N}
= PU{0 ~ d(w; - x(wg)) ~ 0"%% ~ p(wja ') ~0: i k € N}

A= PU{0 ~ d(w; - x(wi)) ~ 00K ~ p(w;) ~0: i, k € N}



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Compare this to A, when y = a- x:

Ay =PU{0 ~ d(w; y(w)) ~ 0"K ~ p(w;) ~ 0k € N}
y
= PU{0 ~ d(wia- x(wk)) ~ 0" ~ p(w;) ~0: i,k € N}
= PU{0 ~ d(w; - x(wg)) ~ 0" ~ p(wia') ~0: i,k € N}
A= PU{0 ~ d(w; - x(wi)) ~ 00K ~ p(w;) ~0: i, k € N}

m We want a map from Ay to A, which sends each point

~d(W; - x(WK)) ~ 01K ~ p(wi) A0

~ d(w; - x(Wk)) ~ 019K ~ p(wa~") ~ 0

(] N e]]



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Compare this to A, when y = a- x:

Ay =PU{0 ~ d(w; - y(w)) ~ 0" ~ p(w;) ~0: i k € N}
= PU{0 ~ d(wia- x(wk)) ~ 0" ~ p(w;) ~0: i,k € N}
= PU{0 ~ d(w; - x(wg)) ~ 0"%% ~ p(wja ') ~0: i k € N}
A= PU{0 ~ d(w; - x(wi)) ~ 00K ~ p(w;) ~0: i, k € N}

m We want a map from Ay to A, which sends each point

~d(W; - x(WK)) ~ 01K ~ p(wi) A0

~ d(w; - x(w)) ~ 0K ~ p(wia) ~ 0

(] N e]]

m All other sequences are left unchanged.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

Compare this to A, when y = a- x:

Ay =PU{0 ~ d(w; y(w)) ~ 0"K ~ p(w;) ~ 0k € N}
y
= PU{0 ~ d(wia- x(wk)) ~ 0" ~ p(w;) ~0: i,k € N}
= PU{0 ~ d(w; - x(wg)) ~ 0" ~ p(wia') ~0: i,k € N}
A= PU{0 ~ d(w; - x(wi)) ~ 00K ~ p(w;) ~0: i, k € N}

m We want a map from Ay to A, which sends each point

~d(W; - x(WK)) ~ 01K ~ p(wi) A0

~ d(w; - x(w)) ~ 0K ~ p(wia) ~ 0

(] N e]]

m All other sequences are left unchanged.
m This induces an S-invariant homeomorphism of X with X,,.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

We define a block code  : 2{-"-- — 2 with r = 16 so that f,.
is an isomorphism of X, and X,.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

We define a block code 7 : 2{-"-+} — 2 with r = 16 so that f;
is an isomorphism of X, and X,.
We want the following subsequences mapped as shown:

0~p(6)~0 — 0~pa')~0

0~p(@)~0 — 0~ p(e)~0

p(@) ~ www ~  p@)~0% A0
p(b) ~p(a) ~0 > p(b) ~0°~0
pb~)~p(@) ~0  p(b71) A0~ 0
Ma>mo&~o ~ pa)~pa’)~0
p(b) ~0® ~0 s p(b) ~p(a )~ 0
pb)~08 A0 p(b")~ @)~ 0

and all other sequences should be left unchanged.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m None of the listed sequences overlaps a shift of another.
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Proof (cont.).

m None of the listed sequences overlaps a shift of another.
m Each pair above have the same length.
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Proof (cont.).

m None of the listed sequences overlaps a shift of another.
m Each pair above have the same length.

m So our requirements can be ensured by choosing the block
code 7 appropriately.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m None of the listed sequences overlaps a shift of another.
m Each pair above have the same length.

m So our requirements can be ensured by choosing the block
code 7 appropriately.

m Taking r = 16 is sufficient for each image digit to “see
enough” of the input to tell if and wherein it is part of one of
the listed sequences.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m None of the listed sequences overlaps a shift of another.

m Each pair above have the same length.

m So our requirements can be ensured by choosing the block
code 7 appropriately.

m Taking r = 16 is sufficient for each image digit to “see
enough” of the input to tell if and wherein it is part of one of
the listed sequences.

m This gives a shift-invariant homeomorphism of A, with A,
which extends to an isomorphism of the subshifts Xy and
Xy.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For the other direction, suppose x,y € Aand Xy = X, via f;
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Proof (cont.).

For the other direction, suppose x,y € Aand Xy = X, via f;

We will show that x E(F»,2) y.



Complexity of the isomorphism relation (cont.)

Proof (cont.).
For the other direction, suppose x,y € Aand Xy = X, via f;

We will show that x E(F»,2) y.
The periods of the periodic points must be preserved by f, so:



Complexity of the isomorphism relation (cont.)

Proof (cont.).
For the other direction, suppose x,y € Aand Xy = X, via f;

We will show that x E(F»,2) y.
The periods of the periodic points must be preserved by f, so:

m f.(0) = 0 as this is the unique point of period 1.
Hence 7(02"+1) = 0.



Complexity of the isomorphism relation (cont.)

Proof (cont.).
For the other direction, suppose x,y € Aand Xy = X, via f;

We will show that x E(F»,2) y.
The periods of the periodic points must be preserved by f, so:
m f.(0) = 0 as this is the unique point of period 1.
Hence 7(02"+1) = 0.
m Considering the points of P for large n we have:
0 ~d(0) ~0)
0~d(1)~0)

for some n(0),n(1) € {—r,....,r}.



Complexity of the isomorphism relation (cont.)

Proof (cont.).
For the other direction, suppose x,y € Aand Xy = X, via f;

We will show that x E(F»,2) y.
The periods of the periodic points must be preserved by f, so:

m f.(0) = 0 as this is the unique point of period 1.
Hence 7(02"+1) = 0.
m Considering the points of P for large n we have:

f.(0 ~ d(0) ~ 0) = S"©(0 ~ d(0) ~ 0)

£.(0 ~ d(1) ~0) = S"(0 ~ d(1) ~ 0)
for some n(0),n(1) € {—r,....,r}.

m There is also a sequence sy and mg € {—r,...,r} such

that £.(0 ~ p(e) ~0) = S™(0 ~ sy ~ 0).



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For sufficiently large k (i.e. k > r), consider the points:

0 ~ d(x(wk)) ~ 0'%F%* ~ p(e) ~ 0 in Xy.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For sufficiently large k (i.e. k > r), consider the points:
0 ~ d(x(wk)) ~ 0'%F%* ~ p(e) ~ 0 in Xy.
These must map to (shifts of) the points:

0 ~ d(x(wg)) ~ 01OHK AW =m0 g/ ~ §in X,.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

For sufficiently large k (i.e. k > r), consider the points:

0 ~ d(x(wy)) ~ 010K ~ p(e) ~ 0in Xy.
These must map to (shifts of) the points:
0 ~ d(x(wy)) ~ 01OHF*+MX(W))=mo ) ~ G in X,.

Each of these must be a shift of a point of the form:

0 ~ d(w, - y(w,)) ~ 091" ~ p(w; ) ~ O with iy, jx € N.
k Ik k



Complexity of the isomorphism relation (cont.)

Proof (cont.).
For sufficiently large k (i.e. k > r), consider the points:
0 ~ d(x(wy)) ~ 010K ~ p(e) ~ 0in Xy.

These must map to (shifts of) the points:

0 ~ d(x(wg)) ~ 01OHK AW =m0 g/ ~ §in X,.

Each of these must be a shift of a point of the form:

0 ~ d(w; - y(w,)) ~ 0" ~ p(w;) ~ O with i, ji € N.
k Ik k

Thus p(w;,) = s for sufficiently large k, so there is some fixed
w € 5 such that sy = p(w).



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.

m We must also have k2 + n(x(wx)) — my = j2 since the
length of the middle block of 0’s must match.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.

m We must also have k2 + n(x(wx)) — my = j2 since the
length of the middle block of 0’s must match.

m So for kK > r we need jx = k (and hence n(0) = n(1) = my).



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.

m We must also have k2 + n(x(wx)) — my = j2 since the
length of the middle block of 0’s must match.

m So for kK > r we need jx = k (and hence n(0) = n(1) = my).
m Thus, w - y(wx) = x(wy) for all but finitely many k.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w;, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.

m We must also have k2 + n(x(wx)) — my = j2 since the
length of the middle block of 0’s must match.

m So for kK > r we need jx = k (and hence n(0) = n(1) = my).
m Thus, w - y(wx) = x(wy) for all but finitely many k.
m We have y € Aand A is Fo-invariant, so w - y € A.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w;, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.

m We must also have k2 + n(x(wx)) — my = j2 since the
length of the middle block of 0’s must match.

m So for k > r we need jx = k (and hence n(0) = n(1) = my).
m Thus, w - y(wx) = x(wy) for all but finitely many k.
m We have y € Aand A is Fo-invariant, so w - y € A.
m Since x and w -y are in A, this requires that w - y E(F», 2) x.



Complexity of the isomorphism relation (cont.)

Proof (cont.).

m Since p(w;, ) = sp = p(w) for sufficiently large k, we must
have w;, = w for all but finitely many k.

m We must also have k2 + n(x(wx)) — my = j2 since the
length of the middle block of 0’s must match.

m So for k > r we need jx = k (and hence n(0) = n(1) = my).
m Thus, w - y(wx) = x(wy) for all but finitely many k.
m We have y € Aand A is Fo-invariant, so w - y € A.
m Since x and w -y are in A, this requires that w - y E(F», 2) x.

Hence y E(F»,2) x and we are done. O
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m Thus isomorphism of one-dimensional subshifts is a
universal countable Borel equivalence relation.

m We can see that the same is true for higher dimensional
subshifts.

Definition

An n-dimensional subshift on an alphabet A is a closed subset
of AZ" which is invariant under the shift maps Sy, ..., Sy, where

Sk(X) (s in) = X(it, - ooy ik—1, ik + 1, Ikt - - -5 n).-



Higher dimensional subshifts

m Thus isomorphism of one-dimensional subshifts is a
universal countable Borel equivalence relation.

m We can see that the same is true for higher dimensional
subshifts.

Definition

An n-dimensional subshift on an alphabet A is a closed subset
of AZ" which is invariant under the shift maps Sy, ..., Sy, where

Sk(X)(f1s - yin) = X(ft, -y k=1, ik + 1,0k 15+ - - 5 fn)-

m Let E, be the isomorphism relation on the space }"23’” of
n-dimensional subshifts on the alphabet 2.
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m Thus isomorphism of one-dimensional subshifts is a
universal countable Borel equivalence relation.

m We can see that the same is true for higher dimensional
subshifts.

Definition

An n-dimensional subshift on an alphabet A is a closed subset

of AZ" which is invariant under the shift maps Sy, ..., Sy, where
Sk(X)(f1s - yin) = X(ft, -y k=1, ik + 1,0k 15+ - - 5 fn)-

m Let E, be the isomorphism relation on the space }"23’” of
n-dimensional subshifts on the alphabet 2.

m Then each E, is again a countable Borel equivalence
relation, so each is Borel reducible to isomorphism of
one-dimensional subshifts by the above theorem.



Higher dimensional subshifts

m Thus isomorphism of one-dimensional subshifts is a
universal countable Borel equivalence relation.

m We can see that the same is true for higher dimensional
subshifts.

Definition

An n-dimensional subshift on an alphabet A is a closed subset

of AZ" which is invariant under the shift maps Sy, ..., Sy, where
Sk(X)(f1s - yin) = X(ft, -y k=1, ik + 1,0k 15+ - - 5 fn)-

m Let E, be the isomorphism relation on the space }"23’” of
n-dimensional subshifts on the alphabet 2.

m Then each E, is again a countable Borel equivalence
relation, so each is Borel reducible to isomorphism of
one-dimensional subshifts by the above theorem.

m The reverse is also true:



Higher dimensional subshifts (cont.)

Theorem

For each n > 1, we have that E <g E,, where E is
isomorphism of one-dimensional subshifts on 2.

In particular all the relations E, are all universal countable Borel
equivalence relations, and hence they are all mutually
bi-reducible.




Higher dimensional subshifts (cont.)

Theorem

For each n > 1, we have that E <g E,, where E is
isomorphism of one-dimensional subshifts on 2.

In particular all the relations E, are all universal countable Borel
equivalence relations, and hence they are all mutually
bi-reducible.

Proof.

Fix n > 1, and consider the injection f : 2% — 22" given by
)i, - in) = X(iy).

This induces the map f : 75 — F5" given by F(X) = f[X].
It is straightforward to check that f is a reduction of E to E,. O



Higher dimensional subshifts (cont.)

m This result may be somewhat surprising, since
two-dimensional subshifts are known to be more
complicated than one-dimensional subshifts in a number of
ways.
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one-dimensional case, at least from the standpoint of Borel
reducibility.



Higher dimensional subshifts (cont.)

m This result may be somewhat surprising, since
two-dimensional subshifts are known to be more
complicated than one-dimensional subshifts in a number of
ways.

m The above theorem shows that their classification up to
isomorphism is no more difficult than for the
one-dimensional case, at least from the standpoint of Borel
reducibility.

m In particular, for each two-dimensional subshift X we can
assign a one-dimensional subshift X’ in a
Borel-measurable way, so that X = Y if and only if X’ = Y.
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Questions

Here we have considered the two-sided shift on AZ.
We could also consider the one-sided shift on AY.

Question

What is the complexity of the isomorphism relation of one-sided
subshifts on 2~ ?

The proof above made fundamental use of the periodic points
of the subshift Xy. We could ask to what extent this is
necessary.

Question

What is the complexity of the isomorphism relation restricted to
subshifts with no periodic points?



Questions (cont.)

For subshifts X and Y, write X > Y if there is a shift morphism
f: X — Y. Wewrite X >j, Y when fis injective, and X >g,; Y
when f is surjective.
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when f is surjective.
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XEnY & XZ2nYAY 22X
X Esurj Y & X Zsurj YANY Zsurj X



Questions (cont.)

For subshifts X and Y, write X > Y if there is a shift morphism
f: X — Y. Wewrite X >j, Y when fis injective, and X >g,; Y
when f is surjective.

We can then define the following three equivalence relations:

XEnY & XZ2nYAY 22X
XEsyi Y & XZsuj YAY Zaui X

Question

What are the complexities of the above three equivalence
relations?



Questions (cont.)

For subshifts X and Y, write X > Y if there is a shift morphism
f: X — Y. Wewrite X >j, Y when fis injective, and X >g,; Y
when f is surjective.

We can then define the following three equivalence relations:

XEnY & XZ2nYAY 22X
X Esurj Y & X Zsurj YANY Zsurj X

Question

What are the complexities of the above three equivalence
relations?

All of these contain the isomorphism relation.
Emorph contains the other two.
These no longer have all equivalence classes countable.



