THE JOURNAL OF SYMBOLIC LOGIC
Volume 00, Number 0, XXX 0000

WEAKLY POINTED TREES AND PARTIAL INJECTIONS

JOHN D. CLEMENS

Abstract. We define the notion of a weakly pointed tree, and characterize the amount
of genericity necessary to prevent a uniformly branching tree being weakly pointed. We
use these ideas to show there is no topological analogue of a measure-theoretic selection
theorem of Graf and Mauldin.

We consider some topological and recursion-theoretic questions motivated by
the following measure-theoretic result of Graf and Mauldin (Theorem 4.4 of [1]):

THEOREM. Let X and Y be analytic spaces, A a probability measure on X,
i a probability measure on Y, and R C X XY a Borel set such that R, is
uncountable for A-a.e. x € X and RY is uncountable for p-a.e. y € Y. Then
there exists a Borel set A C X with A(A) =1, a Borel set B CY with u(B) =1,
and a Borel isomorphism f from A onto B whose graph is contained in R.

This says that a sufficiently thick plane set admits a selector defined almost
everywhere which is injective. We can consider the following topological analogue
of this result:

QUESTION. Suppose X andY are Polish spaces, and R C X XY is a Borel set
such that R, is uncountable for a comeager set of x € X and RY is uncountable
for a comeager set of y € Y. Mush there exist a comeager Borel set A C X,
a comeager Borel set B C'Y, and a Borel isomorphism f from A to B whose
graph is contained in R?

This turns out to be false, as we will show in Section 2. A counterexample is
the set {(z,y) € 3¥ x2¥ : ¥n (z(n) # 2 = y(n) = z(n))}. In the next section we
introduce the notion of a weakly pointed tree, and draw a connection between
this set and such trees. We then show that a generic tree is not weakly pointed,
and characterize the precise amount of genericity necessary to prevent weak
pointedness. A suitable generalization will then provide the counterexample to
the above question.

I would like to thank the referee for several helpful suggestions for clarifying the proofs of
Theorems 7 and 9.
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§1. Weakly pointed trees. Recall that a tree T is pruned if every node in
T has a proper extension in T', and T is perfect if every node in T has two incom-
patible proper extensions in 7. We introduce a coding of uniformly branching
pruned trees by elements of 3“.

DEFINITION 1. Let € 3“. Then z encodes the uniformly branching tree
T, ={s€2<:Vn < |s| (x(n) #2 = s(n) =x(n))}.
Note that T, =7 x.

DEFINITION 2. For z € 3¥ and y € 2¥ we say y is consistent with x if
Vn € w (z(n) # 2 = x(n) = y(n)).

We use the same notation for finite strings, imposing requirements only for n
less than the length of the shorter string. Note that y is consistent with z if and
only if y € [Ty].

DEFINITION 3. A pruned tree T is pointed if T <r y for every branch y € [T].
We say that T is weakly pointed if there is some branch y € [T] such that T' <r y.
For a uniformly branching tree encoded by x € 3%, this is equivalent to saying
that there is a y consistent with x such that x <p y. Note that every pointed
tree is weakly pointed.

DEFINITION 4. Let B, = {n € w : z(n) = 2} be the branching levels of T,.
Note that B, <7 z, and for y € [T,] we have x <p y if and only if B, <r y.
Hence T, is weakly pointed iff there is a y € [T,] with B, <7 y.

DEFINITION 5. An element 2 € 3¥ is n-generic if for every ¥ set A C 3<%
there is a string o C z such that either (a) o € A, or (b) V7 Jo (7 ¢ A). We
say that  is weakly n-generic if for every dense XU set A C 3<% there is 0 C x
such that ¢ € A. Note that n-generic implies weakly n-generic, and weakly
(n + 1)-generic implies n-generic.

We now characterize the amount of genericity necessary to rule out pointedness
and weak pointedness. We begin with an easy observation:

LEMMA 6. If x € 3¥ is weakly 1-generic then B, is infinite, i.e. T, is perfect.

PRrROOF. For n € w let A, = {0 : o contains at least n 2’s}. Then A, is
a dense r.e. set, and any z meeting all of them must contain infinitely many
2’s. B

We first see that pointedness is impossible for 1-generic trees:

THEOREM 7. If x € 3“ is 1-generic, then T, is not pointed.

PrOOF. We will show that the leftmost branch of T}, cannot compute T,.. As
noted above, a branch y of T, can compute T}, if and only if y can compute the
set of branch points B,. Let y = & € Ty, where Z(n) = z(n) if z(n) # 2 and
Z(n) = 0 if x(n) = 2; this is the leftmost branch of T,.. Suppose there were a
partial recursive function ¢ such that ¢¥ computed the characteristic function
XB,; we will show that this yields a contradiction. Define the r.e. set A by

A={oe3 :In<|o| (c(n)#2 A ¢ (n)|=1)},
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where 6(n) = o(n) if 0(n) # 2 and 6(n) = 0if o(n) = 2. If there is a 0 C x with
o € A then there is an n such that o(n) # 2 (son ¢ B,) but p¥(n) = ¢?(n) = 1,
so @Y # xp,. Otherwise, there is o C z such that V7 J o (7 ¢ A). Let 7, for
k > |o| be given by 7i(n) = o(n) for n < |o] and 7x(n) = y(n) for |o] < n < k,
so 7, = y | k. Taking 7 = 7 we then have —3n > |o| (@Y% |= 1), so if ©¥
is total then it is finite, and again @Y # xp, since B, must be infinite for z
1-generic. B

We can see that at least weak 2-genericity is necessary to prevent weak point-
edness, though:

THEOREM 8. There is a 1-generic x € 3“ such that T, is weakly pointed.

PRrOOF. We will simultaneously build a sequence (o;);c,, with o; € 3<% and
a sequence (S;)ie, with s; € 2<% so that letting x = o9 ~ o7 ~ --- and
Yy = Sg ~ 81 ~ -+ we have that y is a branch in T, with x <7 y. Start with
oo = (2) and s9 = (). Given o, and s,, we construct o, to force the n'®
r.e. set, and s,4+1 to encode 0,41, as follows. First, we check whether there is
aoc =0y~ ~0o, ~Twith 0 € R,, where R,, = range(y,) is the n*! r.e.
subset of 3<% (this can be done uniformly recursively in 0'). If so, let (i, ) be
the least pair such that ¢, ;(j) |=0 =09 ~ -+ ~ 0, ~ 7 for some 7. We let
Ont1 = T ~ (2) and let s,41 = (1) ~ 7, where 7(n) = 7(n) if 7(n) # 2 and
7(n) = 0 if 7(n) = 2. Otherwise, if there is no such o, we let 0,1 = (2) and
we let s,4+1 = (0). Note that s ~ --- ~ s, is always one digit shorter than
G0~ O

In the end we let x =09 ~ 01 ~--- and y = sg ~ s1 ~ ---. It is clear that
y € T, since y(n) = z(n) whenever z(n) # 2. We see that x is 1-generic since
for each r.e. set R,, C 3<% we either have that o9 ~ -+ ~ 0,11 € R, or for any
T dog~ -~ o, we have 7 ¢ R,,. It remains to check that x <p y. We will
reconstruct the sequence (0;);c, recursively in y. Let ¢ = (2) and iy = y(0).
Given o, and i,, we find 0,41 and 7,41 as follows. If 4, = 1 then we know
that there was a ¢ J og ~ --- ~ 0, with 0 € R,,, so we can calculate the least
pair (i, j) such that ¢, ;(j) =0 J o9 ~ -+ ~ 0, and let 0,41 = 0 ~ (2).
Otherwise, if i,, = 0 there was no such ¢ and we let 0,41 = (2). We then let
l=]og~- ~onpt1] and let i,11 =yl —1). 4

Note that x <7 0’. By adding a second 2 after each stage, we can actually
construct x such that T, contains a pointed subtree. We do not know whether
we can find an z such that T} has a branch y with x =7 y.

Finally, we show that weak 2-genericity is the precise level of genericity needed
to rule out weak pointedness:

THEOREM 9. If x € 3¥ is weakly 2-generic, then T, is not weakly pointed.

PROOF. Let x € 3“ be weakly 2-generic, and let y € [T,]. We will show that
there is no partial recursive function ¢ such that ¢¥ = xp,. Given ¢, define the
9 set

A= {0 €3 :Vs e 2l consistent with o
[Fn <lo| (c(n) #2 A ¢°(n) |=1) V
-3t Jsan (|s| <n < |t| A ¢'(n) |=1)]}.
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Suppose there is 0 C « such that o € A. Let s =y [ |o|, so s is consistent with
o. If there is n < |o| such that o(n) = z(n) # 2 and ¢*(n) = ¢¥(n) |= 1, then
immediately ¢¥ # xp,. Otherwise, =3t J s3n (|s| < n < |t|] A ¢t(n) |=1), so
—3dn > |o| (¢¥(n) |=1). Hence if ¢V is total then it must compute a finite set,
and since B, is infinite we again have @Y # xp, .

It remains to check that A is dense. Suppose not, so there is a ¢ such that
Vr Jo (1 ¢ A). We will show that this yields a contradiction. We have:

V7 3 03s € 27! consistent with 7
=30 < |7l (r(n) £2 A @*(n) 1=1) A
3t JsIn (|s|<n<ft| A ¢'(n) |=1)].
Specializing this to 7 = ¢ ~ ¢ where t € 2<% we then have:
vt € 2<¥3s € 2191 [s is consistent with o A
-3n (o] <n<|o~t| A ¢ tn) [=1) A
W It (lo ~t|<n<|o~t| A " (n)|=1).

We now form sequences (t;);e,, and (s;);c. of elements of 2<% such that for each
i, t; T tiy1 and s; € 2191 is consistent with o. Let to = (). Given t;, by the
previous conclusion we can choose s; € 2lol consistent with o and tiy1 d t; such
that

—3n (lo] <n<lo~t| A e 7hi(n) |=1)
and
n (lo ~ti] <n <l|o~tipa| A ¥l (n) |=1).

Since there are only finitely many choices for s;, there must be some fixed s
consistent with ¢ and an infinite sequence ng < ny < --- such that s,, = s for
all i. Let z =s ~ |J,t;. Then for each i we have

=3n (lo| <n<|o~ty,| A ¢ mi(n) |=1)
so =3n > |o| (¢*(n) |=1), but for each i we have
(|0~ | <1< |0~ 1] A 00 () L= 1)
so 3%°n (p*(n) |= 1), a contradiction. !
Since the set of weakly 2-generics is comeager, we have:
COROLLARY 10. The following set is meager:
{r €3¥:3y €2¥ (y >r x Ay is consistent with x)}.
§2. Partial injections. The following result has been proved independently

by Hjorth. It may be proved using a relativized version of the preceding results
applied to &-generics, but we present a purely topological proof.

THEOREM 11. There is no Baire-measurable partial injection F : 3¥ — 2%
with comeager domain such that

Graph(F) C R = {(x,y) € 3¥ x 2 :Vn (z(n) # 2 = z(n) = y(n))}.
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Note that R is Borel, R, is uncountable for a comeager set of x by Lemma 6,
and RY is uncountable for all y. Hence this gives a negative answer to the initial
question.

PROOF. Suppose there were such an F'. Then there is a comeager set C such
that F' | C is continuous (and injective). By removing a meager perfect set
from C, we can assume that we have a comeager set C' and a Borel bijection
f 3% — 2% such that f(x) is consistent with z for all + € C. Define the set
A Cw x 2% to be

A={(ny): fH(y)(n) =2}.

Then A is Borel, and for each x € C we have n € B, if and only if (n, f(x)) € A.
We claim that the set

D={ze3:Iyel]Vn (ne B, = A(n,y))}

is meager, which will yield a contradiction since C' C D.

Suppose not; then since D is analytic it has the property of Baire, so there is
some o € 3* such that D is comeager in N,. Since the set of z € 3¢ such that
B, is infinite is comeager, we also have that the set

D' = {z € 3“: B, is infinite A Jy € [T,]Vn (n € B, & A(n,y))}

is comeager in N,.

Let {y; : i < m} enumerate those y € 2¥ such that y is consistent with o. We
build a sequence ) =79 E 7 C --- C 7y, € 2<% as follows. Given 7; with i < m,
let p; = pu; ~ 7;. We consider two cases. If there are n > |p;| and v € 2<% such
that |p; ~v| >nand {y J p; ~ v : A(n,y)} is comeager in N,, ,, then we let
Tit1 = T; ~ v. Otherwise we let 7,11 = 7;.

We let 7 =0 ~ 7,,, € 3“. Note that if y € 2* is consistent with some z € 3%
such that 7 C x, then p; ~ 7,41 C y for some i < m. If the first case of the
construction held for 4, then there is an n such that the set {y : A(n,y)} is
comeager in N, for the p = p; ~ 7, € 2<% extending the y; which is consistent
with 7, and n ¢ B, for any « J 7 since 7(n) € {0, 1}. If the second case held for
i then for all n > |7| the set {y : =A(n,y)} is comeager in N, for the pn = p; ~ 75,
extending the p,; which is consistent with 7. Hence, the set

E={y:{n:A(n,y)} is finite VIn (A(n,y) AV 37 (n ¢ B,))}
is comeager in the clopen set
K = {y € 2* : y is consistent with some z € 3 with 7 C z}.

Fix now sets GG,, C 3“ for n € w which are open dense in IV, such that ﬂn@d G, C
D', and fix sets H, C 2¥ for n € w which are open dense in K such that
Nhew Hn € E. We build 2 I 7 as follows.

Let 79 = 7. Given 7, let 0; J 7; with |oy| > |r;| and N,, € G;. Let
{p; : 5 < m;} enumerate those p € 217 such that p is consistent with o;. Build
0 =vo C v C--- C vy, such that for each j < m; we have Ny~ © Hi. Let
Tiyi = 03 ™ Up,. At the end set z = J,c,, 7 € 3“.

First, z € D’ since z is in each G}, so B, is infinite and there is a y € [T,] such
that Vn (n € B, < A(n,y)). We must then have y € H; for each i, so y € E.
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But then either {n : A(n,y)} is finite, in which case B, is finite, or there is an n
with A(n,y) and n ¢ B,. In either case we have reached a contradiction. -

83. Questions. We used an analysis of pointed trees to rule out a topological
analogue of the theorem of Graf and Mauldin stated at the beginning. We could
conversely ask how this theorem applies to weakly pointed trees. Applying that
theorem to the set R, we can conclude that there are countable ordinals o and
0 such that for every a-random x € 3“ there is a y € 2 consistent with «
such that z <7 y®, where y® is the S-jump of y. We can then ask what the
minimum possible values are:

QUESTION 1. What are the minimal ordinals o and ( that satisfy the above
conclusion?

The tree T, being weakly pointed corresponds to 8 = 0, so we can ask:

QUESTION 2. Is there an o such that T, is weakly pointed for every a-random
x? What about 1-random x?

We could also ask about three possible technical improvements to our con-
structions:

QUESTION 3. Is there a 1-generic x such that there is a branch y € [T] with
r=ry?

QUESTION 4. If x is weakly 1-generic, can T, be pointed?
QUESTION 5. Must a weakly pointed tree contain a pointed subtree?

Finally, we have considered only uniformly branching trees here. We could
generalize this and ask:

QUESTION 6. What about general pruned trees encoded by elements of 3% ?
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