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Analysis of shear modes in a piezoelectric vibrator
Wenwu Cao,a) Shining Zhu,b) and Bei Jiang
Materials Research Laboratory, The Pennsylvania State University, University Park, Pennsylvania 16802

~Received 31 October 1997; accepted for publication 5 January 1998!

A shear piezoelectric vibrator has been analyzed in detail. There are two types of shear motion
associated with the same shear stain deformation. It is found experimentally that the lower
frequency mode among the two has lower strength and its vibration amplitude continuously
decreases as the long dimension of the vibrator increases. A nearly pure shear mode may be
obtained with the aspect ratio greater than 20, but the influence of the other low frequency mode
could not be totally eliminated even at such a large aspect ratio. We found that such phenomena can
be understood by the conservation of angular momentum and the shared origin of these two types
of shear motion. The ratio of the driving forces for these two types of shear motion is related directly
to the aspect ratio of the vibrator. Formulas for calculatingk15 from the resonant and antiresonant
frequencies using both type of shear modes are given. ©1998 American Institute of Physics.
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I. INTRODUCTION

Piezoelectric materials have been widely used in vari
ultrasonic devices. One of the basic parameters used to
scribe the quality of piezoelectric materials is the electrom
chanical coupling factor, which is a measure of the effecti
ness of electromechanical energy conversion. Accura
determining the shear coupling coefficientk15 is of practical
importance for making shear transducers and for param
input in theoretical modeling. It can also affect the accura
of many derived material properties for a piezoelectric m
terial.

In piezoceramics, such as lead zirconate-titanate~PZT!,
the symmetry is̀ m after poling, the shear coupling coeffi
cient k15 can be related to the following material constan

e11
S 5e11

T ~12k15
2 !, ~1a!

d155k15Ae11
T s55

E , ~1b!

c55
E 5c55

D ~12k15
2 !, ~1c!

wheree11
S ande11

T are the clamped and free dielectric perm
tivities perpendicular to the poling direction, respective
d15 is the shear piezoelectric constant,c55

E andc55
D are shear

elastic stiffness constants under constant electric field
constant electric displacement, respectively.

This shear coupling coefficientk15 is usually measured
using the thickness-shear resonance following the Institut
Electrical and Electronic Engineers~IEEE! standards.1,2

However, the measurement cannot be easily made with
accuracy due to the coupling of the thickness-shear m
with other unwanted modes. The coupling effect is usua
more pronounced for the antiresonant frequency. For
reason, the method of using electrical resonance and the
tiresonance to determinek15 is not recommended by the IR
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and IEEE standards.1,3 Instead, a dielectric measureme
method was given according to Eq.~1a!.3,4 It is easy to ob-
tain the free permittivitye11

T value by measuring the capac
tance at a low frequency (,1 kHz) which is well below the
fundamental resonance, however, the clamped permitti
e11

S at very high frequencies is not easily accessible beca
of the influence of those mechanical resonances and/or
higher harmonics. Moreover, many piezoelectric ceram
also have fairly large capacitance relaxation which affe
high frequency measurements.5

An alternative method to determinek15 is to measure
values of the fundamental and overtone resonant frequen
instead of the fundamental resonant and antireson
frequencies.6,7 The idea is that the unwanted modes ha
lower frequencies so that the influence becomes smaller
the overtones at high frequencies. Although this method
more convenient, experiments show that it gives lower v
ues than those obtained by other techniques. In addition
the aspect ratio of the vibrator is not large enough, the c
pling effect will be extended to the overtones of th
thickness-shear mode making this method invalid. Up
now, the reason for this shear mode to have such an unu
strong coupling was not fully understood.

More interestingly, the thickness-shear isnot the lowest
resonance of the structure recommended for the reson
technique, yet has the largest amplitude, which itself is
puzzle. Generally speaking, in most resonance structures
lowest resonance usually has the largest amplitude. Our
here is to find out the nature of this puzzle and to defi
quantitatively the required dimensions of the vibrator to p
form a dependable measurement.

It is well known that the impedance-frequency chara
teristic of a vibrator used for determiningk15 strongly de-
pends on its geometry. However, the recommended ra
among the lengthl , width w, and thicknesst are inconsistent
in the literature. Experimentally, we could not obta
satisfactory results using some of those recommen
dimensions.

n-
5 © 1998 American Institute of Physics
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Through detailed analysis, we have established the o
mized dimensions for which thek15 value can be accuratel
determined using the resonance technique. More imp
tantly, we have given an explanation to the cause of
strong mode coupling and the explained the amplitude r
tionship.

II. EXPERIMENTAL ANALYSIS OF THICKNESS-
SHEAR VIBRATOR

For a thickness-shear mode piezoelectric ceramic vib
tor under free boundary conditions, the following equation8,9

holds,

tan J5
J

k15
2 , ~2!

where J5p f nrt/y
D is a normalized frequency,f nr is the

resonant frequency of thenth mode,t is the thickness of the
vibrator, yD5Ac55

D /p is the stiffened shear velocity of th
elastic wave. The ratio of an overtone to fundamental f
quency f nr / f r versus value ofk15 was tabulated in Ref. 6
according to Eq.~2!. In principle, one could directly obtain
the values ofk15 for any givenf nr / f r ratio using this table.

For a pure mode, Eq.~2! can also be converted to

k155Ap f r

2 f a
cot

p f r

2 f a
5Ap f r

2 f a
tan

pD f

2 f a
, ~3!

where f r , f a are the fundamental resonant and antireson
frequencies,D f 5 f a2 f r is the resonance bandwidth. Ther
fore, k15 may also be evaluated by measuring the fundam
tal resonant and antiresonant frequencies from the imped
spectrum if the mode can be decoupled from others.

In our experiments, the thickness-shear mode sam
are made of PZT-5H piezoelectric ceramic purchased fr
Morgan Matroc Inc. The typical shape of the vibrators is
rectangular bar as shown in Fig. 1~a!. For a thickness-shea
mode vibrator, the polarization direction is along the long

FIG. 1. ~a! Thickness-shear vibrator.~b! Length-shear vibrator. The shade
areas are the electrodes and the dashed arrows represent the direc
displacement at given points. The polarization direction is indicated by
arrow on the front face of the sample.
Downloaded 05 Aug 2003 to 128.118.103.146. Redistribution subject to 
ti-

r-
is
a-

a-

-

nt

n-
ce

es
m

t

dimension represented byl . The two major surfaces~top and
bottom!, which are parallel to each other and to the directi
of polarization, were coated with gold or silver electrode
When an AC voltage is applied across the electrodes, s
mechanical vibration can be excited in the vibrator throu
piezoelectric effect. Several samples with different dime
sions were designed and fabricated. Considering that the
mensions,l and w, of the electrode surface are sufficient
larger than the thicknesst and the relatively large permittiv
ity of PZT-5H, edge effects of the parallel plate capacitor c
be neglected in the computation of the internal electric fie

A HP-4194A impedance/gain-phase analyzer with co
puter interface was used for the impedance-frequency s
trum measurements. The electric field used was relativ
low, typically in the range of 0.05–0.2 V/mm. The PZ
samples are perfectly linear in this field range.

The impedance amplitude and phase spectra for a typ
thickness-shear mode vibrator are shown in Fig. 2. This
brator has the following dimensions:l 58.8 mm, w
53.0 mm, andt50.32 mm. The frequencies of the fund
mental resonance and antiresonance are 2.70 MHz and
MHz, respectively. Using Eq.~3!, one can easily calculate
the shear electromechanical coupling coefficient to be:k15

50.650.
In all other vibrators used for measuring material para

eters, such as the plates and bars for the measurement okt ,
k33, etc., mode coupling could be eliminated as long as
dimension corresponding to the desired fundamental mod
larger than four times of the other dimensions. It is ve
difficult, however, to obtain a clean thickness-shear mo
We found that the thickness-shear mode suffers mode c
pling even when the aspect ratiol /t is more than 10. In order
to find the origin of such an unusual behavior, a series
samples with the same thickness but different length w
made and measured. Figure 3 shows the comparison o
impedance-frequency spectra of these samples near
thickness-shear resonance. The same spectra with wide
quency region are shown in Fig. 4 to demonstrate the ov
tone frequencies. Based on these measurements,k15 was cal-
culated and the results are summarized in Table I.

Figures 3 and 4 show that the impedance-freque
spectra of the thickness-shear mode depends strongly on
ratio of l /t but nearly independent of the ratiol /w. Since
these measured vibrator samples have identical thickness

n of
n

FIG. 2. Impedance-frequency spectrum of a typical thickness-shear vibr
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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above results imply that the interference mode is related
vibrator’s length only. For a length to thickness ratiol /t
.20, although the mode is still not pure, the resonance
antiresonance frequencies can be accurately defined wit
any ambiguity. For the aspect ratiol /t510– 20, coupling
effects appear on the spectrum of the thickness-shear m
~see curve 4 in Fig. 3!. However, the peaks are recognizab
and k15 may still be determined from the minimum an
maximum of the impedance curve without too much err
The mode coupling gets stronger as the ratiol /t decreases
no clearly defined thickness-shear mode can be found w
the ratiol /t,5. Apparently, this shear vibrator is much mo
demanding compared to the other types of vibrators for m
suring kt andk33, for which an aspect ratio of 4 is alread
sufficient to separate the modes.

In Fig. 3, curves 5–7 are for samples with identic
length l and thicknesst, but different widthw. The three
curves show that the width of the vibrator has little influen
on the resonant and antiresonant frequencies if thel /t ratio is
large enough. Once again, our experimental results poin
the origin of the interference mode to be solely related to
sample length.

From Eq. ~1c! the shear coupling coefficientk15 may
also be determined from the ratio of the shear elastic c
stants under constant electric field and constant electric
placement, respectively. These elastic constants could
measured by using ultrasonic technique.10,11 Using the same

FIG. 3. Impedance-frequency characteristics near the fundamental
nance and antiresonance for thickness-shear vibrators of different a
ratio.
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set of samples, we have measured the shear velocity with
displacement along and perpendicular to the poling direc
~the wave vector is always perpendicular to the polarizatio!,
which give rise to the values forc55

E and c55
D , respectively.

Since the ultrasonic measurements were performed at
resonance conditions, there are no mode interference p
lems. Thek15 value so obtained is geometry independent
long as the sample dimensions are not too small compare
the wavelength of the ultrasonic signal and the degree
poling is maintained the same. We have also develope
signal processing technique for measuring subwavelen
thick samples so that accurate measurements on the e
stiffness constants can be performed even for very small
thin samples.12 The k15 value obtained by ultrasonic metho
is used as the standard to analyze the other results liste
Table I. It is found that for largel /t ratio samples, thek15

values obtained from the resonant and antiresonant freq
cies are very close to the one obtained from the ultraso
measurement. However, thek15 values calculated by using
the ratio of overtone to fundamental frequencies are sligh
smaller, which may due to the effects of frequency disp
sion of the materials properties.

III. LENGTH-SHEAR MODE

From the above experimental analysis, the mode in
ference is related to the length dimensionl . Looking more

so-
ect

FIG. 4. Overtones for thickness-shear vibrators of different aspect rat
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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TABLE I. Comparison of measuredk15 values from different samples and different techniques.

Sample
Length l

~mm!
Width w

~mm!
Thicknesst

~mm! l :t l :w
Resonance
f r ~MHz!

Anti-resonance
f a ~MHz!

k15

( f r / f a)
k15

~Overtone!

1 1.43 20.17 0.84 1.70 0.07 1.54300 1.6880 0.441
2 1.98 20.17 0.84 2.36 0.10 1.18300 1.4090 0.582 0.492
3 3.30 20.17 0.84 3.92 0.16 1.10790 1.3770 0.633 0.541
4 4.72 4.63 0.84 5.62 1.02 1.06780 1.2756 0.587 0.626
5 6.16 20.17 0.84 7.33 0.31 1.05210 1.2330 0.560 0.640
6 6.67 4.64 0.84 7.94 1.44 1.02550 1.2985 0.651 0.621
7 12.65 1.75 0.84 15.06 7.23 1.03157 1.3240 0.665 0.635
8 19.02 6.96 0.84 22.6 2.73 1.03530 1.3278 0.664 0.650
9 19.02 3.50 0.84 22.6 5.43 1.02875 1.3213 0.656 0.646

10 19.02 2.37 0.84 22.6 8.02 1.02875 1.3115 0.659 0.649
11 19.02 1.75 0.84 22.6 10.9 1.02875 1.3278 0.670 0.642
12 19.02 1.05 0.84 22.6 18.1 1.02963 1.3089 0.656 0.629

Ultrasonic 6.62 6.42 6.35 0.665
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carefully, one can find that another type of shear motion
also excited, which we call it the length-shear in contras
the thickness-shear. In this mode, the displacement is
pendicular to the poling direction while in the thicknes
shear, the displacement is parallel to the poling direction

For a piezoelectric material, the origin of the drivin
force for the shear motion is an electric field induced sh
strain,S5 , which is related to the displacement componen
u1 andu3 , in the following form:

S55
1

2 S ]u1

dz
1

]u3

dx D . ~4!

For the thickness-shear motion, the displacementu3 is
assumed to be zero for a long-bar shaped vibrator as sh
in Fig. ~1a!. In this case, the shear strain is given by the fi
term of Eq.~4! only, and the resonance could be derived
have the form given by Eqs.~2! and~3!. On the other hand
the length-shear mode, which gives rise to the same s
strain was ignored in the derivation of the formula. Due
the symmetric nature of the two shear displacement der
tives in Eq.~4!, we could imagine a situation in which th
thickness-shear mode may be ignored if the dimensions
designed properly. The impedance formula for this mode
be easily derived if we assume the displacementu150. In
this case, the shear strain is only related to the second ter
Eq. ~4!. Using the dynamical equation and the following co
stitutive relations:

S55s55
E T51d15E1 , ~5a!

D15d15T51e11
T E1 , ~5b!

one can derive another relationship parallel to Eq.~2! for the
length-shear mode:

tan J85S k15
2 21

k15
2 DJ8, ~6!

whereJ85(p f na8 l )/yE is a normalized frequency,f na8 is the
antiresonant frequency in thenth mode,l is the length of the
vibrator,yE51/Aps55

E is the compliance velocity of the elas
tic wave. In Eq.~5!, s55

E is the shear elastic compliance
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constant electric field,d15 is the piezoelectric strain constan
ande11

T is the dielectric permittivity at constant stress.
Using Eq. ~6! and considering the fundamental res

nance and antiresonance, we can get anotherk15 formula for
the length-shear mode:

k155
1

!12

tanS p

2

f a8

f r8
D

p

2

f a8

f r8

, ~7!

where f a8 , f r8 are the fundamental resonant and antireson
frequencies of the length-shear mode.

In order to verify this analysis we have made a seque
of samples with thel :t ratio from 1:22 to 22:1. Herel is
always the dimension along the poling direction although
may become the shorter one. Figure 5 shows the depend
of the impedance on frequency for two different aspect ra
vibrators. A nearly pure length-shear mode can be obtai
when l /t,1/20, which is analogous to the thickness-she
case ofl /t.20. The curves in Fig. 5~b! correspond to the
ratio of t/ l 527. The shear coupling coefficientk15

(50.650) can be obtained using Eq.~7!, which is the same
as thek15 values measured by the nearly pure thickness-sh
mode and ultrasonic method~see Table I!. From this study,
we concluded that the tangled modes in the shear vibrator
the thickness-shear and the length-shear modes. The fu
mental reason of why it is so difficult to get rid of the mod
coupling in the shear resonator is because the two s
modes share the same electric filed induced shear strain.
higher harmonics of the lower frequency mode appear
decorate the higher frequency mode on the impedance s
trum.

IV. CONSERVATION OF ANGULAR MOMENTUM

For the recommended geometry in the literature,
shear vibrator is usually made with thel /t@1. Therefore, the
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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length-shear mode should be the lowest frequency mode
cording to the analysis above. However, experimental res
show that the shear mode in the long dimension is m
weaker than the shear mode in the shorter dimension.
fact is also true for the case ofl /t!1 as shown in Fig. 5. In
other words, the higher frequency mode is much stron
than the lower frequency mode in the shear vibrator. T
result is unusual since in most of the cases, lower freque
mode is stronger than higher frequency ones. There is
explanation in the literature for this unusual phenomenon

Through careful analysis, we conclude that the origin
such a behavior comes from the fact that the shear defor
tion involves rotation but the electric drive does not provi
angular moment since it is due to self-induced shear str
Therefore, both shear motions should be involved to bala
the angular momentum of the whole vibrator.

Let us look at the two special situations shown in Fig
6~a! and 6~b! assuming only one of the modes is being e
cited. Figure 6~a! represents the thickness-shear mode
which the center plane along the thickness direction rem
still according to symmetry. Therefore, we may analyze
upper half of the vibrator and assume a fixed boundary at
bottom. Similarly, we can analyze the length-shear mode
shown in Fig. 6~b!. According to Eq.~4!, the two shear dis-
placements are connected to the same shear deformatioS5

which was driven by the external electric field through
ezoelectric effect. It is clear that both types of shear moti
involve rotation and hence, the angular momentum will n
be conserved if only one type of shear motion is excit
This is the intrinsic reason for the strong mode coupl
observed in the shear vibrators.

According to the symmetry of the vibrator, to conser
the angular momentum of the system, the shear deforma

FIG. 5. Impedance spectrum of a length-shear vibrator with different ge
etry. ~a! The ratio ofl /t50.2. ~b! The ratio ofl /t50.04.
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should proceed to expand along one of the diagonal direc
and contract along the other as shown in Fig. 7. Therefo
the ratio of the maximum displacements for the two types
shear motion can be easily found to be

u1 max

u3 max
5

l

t
. ~8!

Equation~8! can also be used to derive the ratio of the m
chanical driving force for the two types of shear motio
There are three conclusions that can be drawn from
above analysis.

~1! The mode corresponding to the shear motion along
longer dimension is always stronger than the one alo
the shorter dimension. The amplitude ratio between
displacements in the two directions is proportional to t
ratio of their corresponding dimensions.

~2! The two types of shear displacements will always oc
in a paired fashion to conserve the angular momentu
However, the lower frequency mode can be weaken
through the increase of the longer dimension.

~3! These two shear motions are equivalent, their relat
strength can be adjusted by the aspect ratio of the
relevant dimensions. Either mode could be used to m
sure the material properties by proper design of the
brator dimensions to suppress the other one.

-

FIG. 6. Illustration of the two shear modes:~a! Thickness shear;~b! length
shear. The angular momentum is not conserved in either case.

FIG. 7. The shear deformation which conserves the angular momentum
two diagonal lines have no rotation during the shear deformation and
ratio of the two shear displacements isl /t.
AIP license or copyright, see http://ojps.aip.org/japo/japcr.jsp
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The first conclusion explains the experimentally o
served phenomena of weaker lower frequency mode
stronger high frequency mode because the amplitude of
tion reflects the strength of the driving force, while the se
ond conclusion can be verified from the results shown
Figs. 3 and 5. The frequency spectrum is still not smooth
the vicinity of the desired resonance even for an aspect r
of larger than 22. The third conclusion has been verifi
experimentally as shown in Fig. 5~b! and Table I.

V. CONCLUSION

Our experimental results and theoretical analysis pro
that the interference in the thickness-shear vibrator co
from the length-shear mode. The frequency of the leng
shear mode depends on the length while its intensity is c
trolled by the length to thickness ratiol /t. With the increase
of the l /t ratio, the length-shear mode can be weakened
could not be eliminated. Experimentally, we found that wh
l /t>20, a relatively clean thickness-shear mode may be
tained. Therefore, this ratio should be used to define the
mensions if one wants to use the resonance techniqu
measurek15. In the aspect ratio range of 10, l /t,20, the
impedance-frequency spectrum near the thickness-s
mode is slightly obscured by the length-shear mode. Ho
ever, the resonant and antiresonant frequencies of
thickness-shear mode are still clearly shown on the spect
and thek15 value calculated from the minimum and th
maximum frequencies is still acceptable. When the ratiol /t
,10, the resonance method is not valid to determinek15 ~see
Table I!.

From our experimental results, the width variation of t
vibrator has no obvious influence to the spectrum of
thickness-shear mode. The effect of changing the width
only on the total capacitance which may have some influe
on the precision of the effective digit in the measured valu
It is recommended that the width should be at least twice
much as the thickness to reduce the edge effect of the p
capacitor.

The length-shear mode is a ‘‘twin’’ of the thicknes
shear mode since they both share the same shear strain
Downloaded 05 Aug 2003 to 128.118.103.146. Redistribution subject to 
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found thatk15 may also be measured accurately using t
mode if the aspect ratiot/ l .20, which mirrors the situation
for the thickness-shear mode. However, owing to the f
that the electrodes of the length-shear vibrator are coate
a pair of minor surfaces and the relatively large distan
between the two electrodes, the measurement is more d
cult than using the thickness-shear mode. The plate cap
tance approximation is less accurate for the length-shea
brator due to some degree of edge effects. This, howe
was not a problem for the PZT ceramic samples we use
our experiment since the relative dielectric constant is o
1300.

Using the idea of angular momentum conservation,
have shown that the ratio of the driving forces for t
thickness-shear and the length-shear is roughly proportio
to l /t. This explains the fact that the lower frequency mo
has much smaller amplitude than that of the high freque
one. One could arbitrarily reduce the mode interference
increasing the aspect ratio, but the influence of the low
frequency mode will always exist due to the same excitat
source and the conservation of angular momentum.
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