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Velocity fluctuations in a turbulent soap film: The third moment
in two dimensions
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Quasi-two-dimensional decaying turbulence is studied in a flowing soap film by measuring the
moments of the probability density functid(sv(r)) for the longitudinal velocity differences
dv(r) on a scaler. As in three-dimensiona{3-D) turbulence,P becomes non-Gaussian with
decreasingr. The third momentS;(r)=((dv(r))*) is small and negative at small scales, but
becomes positive at larger scales. The exact calculatid®y(@f) for 2-D homogeneous isotropic
turbulence relates this change in sign to the development of the velocity correlation function as the
turbulence decays. @999 American Institute of Physid$$1070-663(99)01905-4

I. INTRODUCTION two dimensions than in three dimensions. The most striking
. ) . . effect is thatS;(r) becomes positive at sufficiently large

It is generally believed that the Navier—Stokes equationya¢ore eventually decaying to zero, as indeed it must. Our
governs turbulence in Newtonian fluids. However, only aqeasurements show that this change in sigsis related

few rigorous results relevant to incompressible isotropic angy the crossing of the velocity correlation functions as the

homogeneous turbulence can be derived directly from thig, , ience decays downstream. This may well be related to

equation. The most famous one pertains to the third momene ransfer of energy to larger scales. In 3-D decaying tur-
of the difference in velocity between two points. For they jence S,(r) is observed to be negative at aff®

component of this velocity differencév(r) projected along
their separationr [the longitudinal velocity differences || BACKGROUND AND SETUP

Sv(r)], Kolmogorov showed that in three dimensidng. _ _
Soap films have long been known as a source of fasci-

4 dS,(r) nating and beautiful phenomefaut it is only recently that
Sy(r)=—ger+bv—y—, (D) Couderetal’®! and Gharib and Derangademonstrated
that the hydrodynamics of these films are strikingly two-
where S;(r)=((év(r))"), ¢ is the rate of energy flux dimensional. Quasi-2-D turbulence can also occur due to the
through the system, and is the kinematic viscosity; the effects of rotation, density stratification, or electromagnetic
brackets here denote an ensemble or time average. In therces*'213Thus turbulence in two dimensions is not only
range where viscosity is unimportant, this equation giveshe province of the computer.
Kolmogorov's { law: Sy(r)=—2er.* This relation seems The fundamental difference between 2-D and 3-D turbu-
fairly well confirmed by experimerft:* lence is that in three dimensions vorticity can be amplified
In this paper we report on measurements of the seconBy velocity fluctuations, whereas in two dimensions vorticity
and third moments obuv(r) in a rapidly flowing and freely can only dissipa’[é. Thus the vorticity w(=V Xv), or
suspended turbulent soap film. This system exhibits somequivalently the enstroph$)(= §<w2>) becomes a nearly
aspects of decaying two-dimension@-D) turbulence,”’  conserved quantity in two dimensions, like the energy. In the
the film is only a few microns thick, which is much smaller cascade picture for 3-D turbulen&&*which applies in the
than its lateral dimensions. Our results indicate that, althougnertial range where viscosity is unimportant, kinetic energy
the same equations which apply to 3-D turbulence can bg transferred from larger to smaller scales. In this range,
used in modified form for two dimensions, the balance of theyelocity fluctuationssv (r) on a scale depend only o and
terms is not the same: the difference between forced angitself: dimensionally,év(r)~(er)¥3 which is consistent
decaying turbulence is apparently much more important inwith but not implied by Eq.(1). In two dimensions it is
expected that there isdirect cascade of enstrophy to smaller

present address: Dept. of Mathematics, Penn State University, Universit§Cal€S, ar_‘d amversecascade of energy to larger S_Ca%ési
Park, PA 16802. for decaying 2-D turbulence the inverse cascade is appar-
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FIG. 1. The central region of the turbulent soap fil¥iis 8 cm behind comb.
The image is about 4 cm across, and the flow is from right to left. The mean
flow speed is 180 cm/sec.

ently absent® The enstrophy transfer ratg (Q per unit
time) in the direct cascade leads dimensionally &a(r)
~(B)Y3. Although this picture seems to be confirmed by
numerical simulatiorfs'’=%° (but see Ref. 2] the experi-
mental situation is still evolving®=2*

The measurements reported here were made in a 2.4 m
high soap film apparatus developed in our laboratéryA
solution of soap and wat€P% commercial liquid detergent

~~
=
h—
[

by volume is introduced at a constant rate between two ny- - L LT
lon wires and allowed to fall under its own weight as a film 0.01 0.1 1 10
approximately 3um in thickness. The width of the channel K /2% [em’]

is W=6.2cm over a distance of 120 cm. Nearly isotropic
turbulencé is produced in this region by a comb inserted FIG. 2. (a) The PDFs ofdu(r) at the three indicated values of(b) Energy
perpendicularly into the film, havina 1 mmtooth diameter — spectrum obtained from the time series of t_he longitudinal velocity, showing
and a spacindl = 3.8 mm. An interferometric image of the in interval whereE(k)~k ™33 The data in both plots are taken ¥t
turbulence thus produced is shown in Fig. 1. —8em.

To measure the time variation of the film velocity, we
use laser Doppler velocimetf.The commercial apparatus
(TSI Inc.) produces a patch of fringes roughly g in size.
The flow is seeded with Lm polystyrene spheres, and the
average data rate is about 8 kHz. At a distaivce8 cm
below the comb, where most of our measurements wer
made, the mean and rms velocities were typically
=180cm/sec and vm={(v'?)*?=24cm/sec, where
v'=v—Ug. The actual value of the viscosity for soap film
flows is not completely clear; in this paper we use

film for moments out taS(r);® we have also taken into
account the weak variation &f, andv s with Y in applying
this hypothesis.

Figure Za) is a semi-log plot of the normalized probabil-
ﬁy density functiongPDF9 of v for several different spa-
tial separationsr, at Y=8 cm. Note that ag decreases,
P(Su(r)) changes shape from Gaussian at large scales
(r>2mm) to double-sided exponential at small scales

(r<0.1mm). The development of extended tails at small

=0.1cnf/sec?’ The Reynolds number of the channel is:_ . . . . S
h f the fl I -D
Rey=UW/»=11000, and for the comb Re=U;M/»=700. ![E(rigz?;i;o%llntermlttenép the fluctuations, similar to 3

Theste nurgbgrs {adre; an}pazgae?;e t% ttf;]ose obtalneqdln exper- Figure Zb) shows the power spectrui(k) for the same
ments on >-L grid tUrbulence, and thus we consiaer our 415 over a little less than a decadgk) ~k 33, in agree-

flow to be turbulent in some generic sense. The deviationg, o \yith previous measurements:;? this exponent does
from two-dimensionality due to air fnc_tl&ﬁ appear not to not change measurably with This observation is consistent
affect the turbulence for the scales of interest Here. with the expected scaling for an enstrophy cascade,
E(k)~k 3.5 The absence of &> portion at smalk is
consistent with the current understanding of decaying 2-D
We measure the longitudinal velocity difference turbulence'®32
Su(r,t)=(v(x+r,t)—v(x,t))-r/r, with r in the direction of It should be noted here thatka ® scaling has been ob-
the flowy. Becausa s/Ug is only about 0.14, we are jus- served in numerical simulations of forced 2-D turbulence in
tified in using Taylor's hypothesis, and accordingly use the inverse energy cascade range as #éfl This deviation
=U,t to relate time correlation functions to spatial ofds. from the expectedt > scaling is attributed to the presence
has been verified that Taylor's hypothesis holds in our soapf large, long-lived coherent structures and finite-size effects

Ill. RESULTS
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FIG. 3. Log—log plot ofS,(r) vs.r at the indicated distancé€¥) below the
comb; the solid line corresponds ®(r)ocr®,

in the flow!® Thus our observation of ka2 scaling may not
uniquely characterize an enstrophy cascdbeugh see Ref.
7).

From the distributionsP(Sv(r)) one obtains the mo-
ments. Figure 3 shows the second mom®j{r) at several
different Y. In the enstrophy cascade region one expects o
dimensional grounds tha,(r)~ B8%%?2.# Although we ob-
serve a scaling region of about one decade,itwe find
S,(r)~r1%92 However, this is not necessarily a disagree-
ment. As pointed out by Babiarei al,>3 the limitedwidth of
a scaling range ifc(k) can reduce the scaling exponent by

effectively introducing other length scales: the bounds of the
scaling region. There is also no reason why these bounds

should be the same iB(k) or S,(r).3* Moreover, it is not
clear which function should give the more physically rel-
evant bounds for this scaling range. Because our measur
ments are made in real spagea Taylor's hypothesis we
will define the scaling range based 8;(r). In this paper we
focus on the positioty =8 cm, for which the scaling range is
roughly from 0.04 cm to 0.3 cm.

The second momer,(r) is often used to define an
integral scalé:* /o= [3b(r) dr/v2,, where

b(r)=(v' (x)v’ (X+1)) =02 3S,(r) 2

is the velocity correlation function. For thé=8 cm data in
Figs. 2a) and 2b), we find /,=0.6 cm, and the Reynolds
number Re=1000. Note that at=2/,, S,(r) has flattened
out and the velocity fluctuations are uncorrelatee=Q). A
discussion of 2-D turbulence at such Reynolds numbers i
given in Ref. 32.

We focus our attention on the third momeBg(r)

=((6v)®) shown in Fig. 4. In these measurements, made a?

Y =8 cm, we see immediately that the dependenc8&;0f)

is completely different than in three dimensions, where it is

negative for alr.* In the range <0.2 cm, we find thaS,(r)

is negative but very close to ze(see inset to Fig. 4 this is
approximately the same as the scaling rangeSdr) (see
Fig. 3). At approximately 0.2 cmS;(r) crosses zero and
becomes positive, increasing withup to about 1 cm, where
it reaches a maximum. Asincreases further, velocity fluc-
tuations become uncorrelated, so tiR¢sv(r)) becomes
Gaussian and;(r)—0 in the limit of larger. All of this
occurs in a range wher§,(r) has at most a very weak
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FIG. 4. The third momen8;(r) (linear scal¢ measured a¥ =8.0 cm; the
dashed line iS3(r)=0. The inset is an enlargement at snrall

dependence on The crossover from a small negatiSg(r)

to positive values at largeris a robust result, reproduced at
various flow speeds and several different experimental set-
ups. It is interesting to note that a recent numerical simula-
Hon of 2-D turbulence has shown th&(r) can be positive

as well as negativé&

The qualitative shape dB;(r) shown in Fig. 4 is also
seen further downstream. However, the crossing point and
the maximum inS; increase with downstream distan¢eas
does the integral scalé;. To understand this, consider the
maximum value ofS;(r) occuring atr =r ., (about 1 cny,
ote thatr,=/o. As the turbulence decays below the
comb, time is required to transfer energy from the sdlen
which it is generated to larger scales. Therefore, at dény
ter]ere are no vortices larger than some size;,y, Which
should increase witlY. Denoting the transit time=Y/U,,
the data indeed show thaf,,, increases withr. Though we
cannot say with precision what the actual dependence is, the
increase appears to be slower than linear, a form predicted
for decaying 2-D turbulenc.

Can we understand thg;(r) that we have measured in
our turbulent soap film in terms of the 2-D Navier—Stokes
equation? The derivation of Edl) follows from the von
Karman—Howarth equatioitand is exact for continuously
forced turbulence in three dimensions; it is only in this case
that ¢ is a unique quantity, whether it is considered as the
energy injection rate, spectral transfer rate, or dissipation
rate. For decaying 3-D turbulence, E{) is generally be-
fleved to hold, and experimentally the turbulence seems to be
tolerably close to homogeneous forced turbuleficeow-
ver, in two dimensions there is no theoretical expectation
or Sy(r),%38 though it has recently been considered for
2-D magnetohydrodynamic turbulente.

To explain our surprising observations, we have red-
erived the exact relation betwe&g(r) andS,(r) for decay-
ing but locally stationary 2-D turbulence by modifying the
corresponding equation for three dimensipRs. (33.17 in
Ref. 2]. We write this equation in the following form:

()

d
E(r353)=

wheredb/dr=Uy(db/dY) is the downstream decay bfr).
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FIG. 6. The calculate®;(r) using the data from Fig. 5 in E@5); the solid

FIG. 5. The velocity correlation functiob(r) measured at two different  circles correspond t8;(r) measured at the same positiofs 8.6 cm.
downstream distances, separated by 0.20 civi=a8.6 cm. The inset shows

the differenceAb of these two curves near their crossing point; note that

Ab>0 at larger.

IV. DISCUSSION AND CONCLUSION

The semi-quantitative agreement of the calculated and

From the definition ob(r), and the fact that the total kinetic MeasuredS;(r) indicates that Eq(5) may indeed be valid

energy per unit mass in two dimensionsfg, *° it follows
that

ab(r,Y) Ug dS5(r,Y)
OT:_“:(Y)_%)T’ @
where
14 ov2) w2 (Y)
= T (242 Yy S 7
s)==3 oy === ="Uo—y

for the isotropic case.

For 3-D decaying turbulence, one usually neglects thé"®

for 2-D decaying turbulence. The deviation of this equation
from the data could be due to several factors. First, it is
possible that we have not entirely captured the derivative
dbldY by our approximatiom\b/AY. Alternatively, the tur-
bulence may not be homogeneous enough or sufficiently iso-
tropic at large scales, though it is isotropic at small sciles.
In addition, the flow may simply not be “turbulent enough,”

in the sense of having a large enough Re to have well-
developed inviscid transfer ranges. It is also possible that the
soap film, though very thin, may not completely mimic a 2-D
incompressible systefi. This compressibility is due to the
derate speed of capillary waves in the fifnyhich re-

term dS,/aY, and obtains Eq(1).2 In the forced case sults in the production of fluctuations in thickness. These

3S,19T=0, but a different derivation of Eq1) is needed.

For 2-D decaying turbulence a derivation following the 3-D o
e affect the above derivation.

case leads t&;(r) = — 3er. However, in our experiment wi
find that the decrease &(r) with downstream distancéis

not negligible(see Fig. 3, soe(Y) no longer dominates the
right-hand side of Eq(4). We therefore prefer to integrate

Eq. (3) directly and obtain the expression

6 (r Jdb(x,Y d
Si0= 2 [ Up 20 e

X+6v

By measuringb(r) at two closely spaced values ¥fin
the neighborhood ofY=8cm, we approximatesb/dY
=ADb/AY and numerically obtain the integral in E&). The
two b(r) are shown in Fig. 5, foAY=0.20 cm. Atr =0 this

implies e =1.3x 10 cn?/ sed, which agrees with the esti-

mate e=v>,J/o=2x10*cn?/seé.® The crossing of the
correlation functions(see inset to Fig. bat r=0.5cm is
responsible for the change in sign $§(r), as indicated by

elastic effects can be included in a Navier—Stokes equation
for soap film flow:! but it is not evident how that would

An intriguing interpretation of our measured third mo-
ment is suggested by the relationship betw&gfr) and a
locally defined energy transfer rat€r).*® The association
of the energy transfer variable with a particutgmatial scale
r is fundamentally different from our use @f up to this
point. But because this scale-dependent energy transfer rate
is completely determined b$s(r), it permits us to compare
our experimental measurements to standard results from tur-
bulence models. If we interpret the scaling rangeSefr)
(0.04 cm<r<0.30cm) as an enstrophy cascade range, then
our observation thaS;(r) is approximately zero in this
range would be consistent with the absence of energy trans-
fer for these scale$e(r)=0].2® Furthermore, the region
whereS;(r) >0, corresponding te(r)<0, would then indi-
cate theinverse transfeiof energy to larger scales. This in-
terpretation implies a prediction for fully developed forced

Eq. (5). This is consistent with the fact that in 3-D decaying 2-D turbulence:S;(r) should be linear and positive in the

turbulence theb(r) are not seen to crog8**2The calcu-

inverse cascade range. These ideas remain to be checked in

lated S;(r) using Eq.(5) is shown in Fig. 6, without the future experiments and in a more rigorous theoretical treat-
viscous term, which was estimated to have a small effectment of the third moment for 2-D turbulence.

Also shown is the measureg}(r).

We cannot rule out the possibility that the scaling range



1200 Phys. Fluids, Vol. 11, No. 5, May 1999 Belmonte et al.

observed here, in whicB,(r)~r'6 may be due to a com- G. K. Batchelor, “Computation of the energy spectrum in homogeneous
plex inverse cascade regime produced by the accumulatiopfwo-dimensional turbulence,” Phys. Fluid, 233 (1969.

of energy at large scales, as has been observed in some nf Ba_blano,_ B. Dubrulle, an(,j’ P. Frick, “Scaling properties of numerical
two-dimensional turbulence,” Phys. Rev.32, 3719(1995.

merical simulatipné?*21 However, there is other experimen- 1y smith and V. Yakhot, “Finite-size effects in forced two-
tal evidence which suggests that this range does indeed corgimensional turbulence,” J. Fluid MecB74, 115 (1994).

respond to the expected enstrophy casédd@he question °V. Borue, “Spectral exponents of enstrophy cascade in stationary two-
remains open. dimensional homogeneous turbulence,” Phys. Rev. [7d{t3967(1993.

. 20A, Pouquet, M. Lesieur, J. C. Andrand C. Basdevant, “Evolution of
Our study has concentrated experimentally onrifie high Reynolds number two-dimensional turbulence,” J. Fluid Metd).

pendence of the third mome8§(r) in a turbulent soap film. 555 (1975,

Despite the large number of simulations of 2-D turbulence?ly. Borue, “Inverse energy cascade in stationary two-dimensional homo-
there are almost no studies with which we can compare ourgeneous turbulence,” Phys. Rev. Lete, 1475(1994.

observations. In two dimensions as well as in three dimenEZJ. Paret and P. Tabeling, “Experimental observation of the two-

. . . imensional inver ner " Phys. Rev. 4162(1 .
sions, an exact equation relates the second and third ngdl ensiona’ Inverse encray cascade, S, Rev [e4162(1997.
M. A. Rutgers, “Forced 2D turbulence: experimental evidence of simul-

men_ts- The particular nature of 3-D turbulence permits the taneous inverse energy and forward enstrophy cascades,” Phys. Rev. Lett.
application of the theory of forced homogeneous isotropic 81, 2244(1998.

turbulence to the turbulence generated by a grid in wind of M. Rivera, P. Vorobieff, and R. E. Ecke, “Turbulence in flowing soap
water tunnels, even though this turbulence is decaying. Ourfllms: Velocity, vorticity, and thickness fields,” Phys. Rev. Lefl, 1417

. ST ) (1998.
e.xperllmental rgsults suggest that the situation in two dimenes,” 5’ Rutgers, X. L. Wu, R. Bagavatula, A. A. Peterson, and W. I.
sions is very different. Goldburg, “Two-dimensional velocity profiles and laminar boundary lay-

ers in flowing soap films,” Phys. Fluid8, 2847(1997).
ACKNOWLEDGMENTS 2F, Durst, A. Melling, and J. H. WhitelawPrinciples and Practice of

) ) ) ) ) Laser-Doppler AnemometiAcademic, New York, 1981 2nd ed.
We acknowledge stimulating discussions with C.?7B. Martin and X. L. Wu, “Shear flow in a two-dimensional Couette cell:

Jayaprakash, D. Lohse, M. Nelkin, J. Paret, |. Procaccia, P.A technique for measuring the viscosity of free-standing liquid films,”

Tabeling, S. Chen, and D. Jasnow. We especially thank M,,Re SCi- Instrum66, 5603(1999. . .
A. S. Monin and A. M. Yaglom§Statistical Fluid MechanicgMIT, Cam-

Rivera for useful discussions and technical help. This work bridge, 1975, Vol. 2.

was supported by NASA and the National Science Foundaa geimonte, B. Martin, and W. I. Goldburg, “Experimental study of

tion. Taylor’'s hypothesis in a turbulent soap film,” submitted to Phys. Fluids.

30p, Tabeling, G. Zocchi, F. Belin, J. Maurer, and H. Willaime, “Probability
density functions, skewness, and flatness in large Reynolds number turbu-
lence,” Phys. Rev. 53, 1613(1996.

31F, Anselmet, Y. Gagne, E. Hopfinger, and R. Antonia, “High-order ve-
locity structure functions in turbulent flows,” J. Fluid Mech40 63

1A. N. Kolmogorov, “Energy dissipation in locally isotropic turbulence,”
Dokl. Akad. Nauk. SSSR2, 19 (1941, reprinted in Proc. R. Soc. Lon-
don, Ser. A434, 9 (199)).

2L. D. Landau and E. M. LifshitzFluid Mechanics(Pergamon, Oxford,

1959. (1984).

3U. Frisch, Turbulence(Cambridge U.P., Cambridge, 1995 32J. Chasnov, “On the decay of two-dimensional homogeneous turbu-
“M. Lesieur, Turbulence in FluidgKluwer Academic, Dordrecht, 1990 lence,” Phys. Fluid®, 171(1997.

2nd ed. 33A. Babiano, C. Basdevant, and R. Sadourny, “Structure functions and
SM. Gharib and P. Derango, “A liquid film(soap film) tunnel to study dispersion laws in two-dimensional turbulence,” J. Atmos. 3&. 941
two-dimensional laminar and turbulent shear flows,” Physic81) 406 (1985.

(1989. 34There is even some disagreement in the literature as to what is the proper

6H. Kellay, X. L. Wu, and W. |. Goldburg, “Experiments with turbulent ~ way to compare a particular wave numbkewith a particular length scale
soap films,” Phys. Rev. Letfr4, 3975(1995; “Vorticity measurements r: whether it ber=2mx/k, mw/k, or 1k. To be consistent with the scaling

7in turbulent soap films,'ibid. 80, 277 (1998. range ofS,(r) observed here we would need to choaisel/r.

B. Martin, X. L. Wu, W. |. Goldburg, and M. A. Rutgers, “"Spectra of 355  Bapjano, B. Dubrulle, and P. Frick, “Some properties of two-
jdecaying turbulence in a soap film,” Phys. Rev. L&, 3964(1998. ~  gimensional inverse energy cascade dynamics,” Phys. Res5, 2693

G. K. Batchelor and A. A. Townsend, “Decay of isotropic turbulence in (1997.

gthe initial period,” Proc. R. Soc. London, Ser. 93 539(1948. %There is another equation which relates velocity and vorticity fluctuations
C. Isenberg;The Science of Soap Films and Soap Bublaver, New directly to the enstrophy cascade, see Refs. 37 and 38.

York, 1992, and references therein. 37G. Eyink, “Exact results on scaling exponents in the 2D enstrophy cas-

Y. Couder, “Two-dimensional grid turbulence in a thin liquid film,” J. cade,” Phys. Rev. Leti74, 3800(1995.

Phys.(France Lett. 45, 353(1984). 38 w“ " ;
" . A. Polyakov, “Conformal Turbulence,” preprint PUPT-1341992.
*'Y. Couder, J-M. Chomaz, and M. Rabaud, “On the hydrodynamics 0](39A. Ce)I/ani R. Prandi, and G. Boffettap “?(olmogorov’s 4Iaw ?or two-

soap films,” Physica (87, 384 (1989. di ional elect tohvdrod ic turbul " E hvs. Lett
12J. Sommeria, “Experimental study of the two-dimensional inverse energy 4??2?';’;58‘3% ron-magnetonydrodynamic turbulence, turopnys. Lett.

cascade in a square box,” J. Fluid Med¥.0, 139(1986. P ; . L .
130, Cardoso, D. Marteau, and P. Tabeling, “Quantitative experimental " three dimensions the kinetic energy/mass ig,3/2.

study of the free decay of quasi-two-dimensional turbulence,” Phys. Rev.'R. W. Stewart and A. A. Townsend, “Similarity and self-preservation in

E 49, 454(1994. isotropic turbulence,” Philos. Trans. R. Soc. London, Ser243 359
14A. N. Kolmogorov, “Local structure of turbulence in an incompressible  (1951.

fluid for very large Reynolds numbers,” Dokl. Akad. Nauk. SS3R301 42G. Comte-Bellot and S. Corrsin, “Simple Eulerian time correlation of full-

(1941, reprinted in Proc. R. Soc. London, Ser.484, 9 (1991). and narrow-band velocity signals in grid-generated, ‘isotropic’ turbu-
15R. Kraichnan, “Inertial ranges in two-dimensional turbulence,” Phys. Flu- lence,” J. Fluid Mech48, 273(1971.

ids 10, 1417 (1967. “3See Sec. 6.2.3 of Ref. 3.



