
PHYSICS OF FLUIDS VOLUME 12, NUMBER 4 APRIL 2000
Experimental study of Taylor’s hypothesis in a turbulent soap film
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An experimental study of Taylor’s hypothesis in a quasi-two-dimensional turbulent soap film is
presented. A two-probe laser Doppler velocimeter enables a nonintrusive simultaneous
measurement of the velocity at spatially separated points. Using the cross correlation between a pair
of points displaced in both space and time, the velocity coherence is measured to be better than 90%
for scales less than the integral scale. Taylor’s hypothesis is confirmed insofar as the lower moments
of the longitudinal velocity difference are equal whether measured with or without invoking the
hypothesis. A quantitative study of the decorrelation beyond the integral scale is also presented.
© 2000 American Institute of Physics.@S1070-6631~00!02103-6#
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I. INTRODUCTION

In a 1938 paper on the statistics of turbulence, Tay
presented an assumption from which he could infer the s
tial structure of a turbulent velocity field from a single poi
measurement of its temporal fluctuation.1 This assumption,
known as Taylor’s hypothesis or the frozen turbulence
sumption, relies on the existence of a large mean flow wh
translates fluctuations past a stationary probe in a time s
compared to the turbulent dynamics. The experimental m
surements treated by Taylor were made on the turbule
generated behind a stationary grid in a wind tunnel, and
hypothesis has become a standard technique employe
similar experiments which inform our current views on tu
bulence~see, for example, Refs. 2, 3, and 4!. The importance
of this hypothesis stems from the fact that most turbule
theories are framed in terms of the spatial structure of
velocity field2,5.

In practical terms, the limits of Taylor’s hypothesis a
determined by how large the mean velocity must be rela
to the fluctuations. Recently Yakhot6 has pointed out that the
corrections to Taylor’s hypothesis could well be of the sa
order as corrections to the standard model of turbulen
Kolmogorov’s 1941 theory.7,8 However, there is at presen
no firm theoretical derivation of the hypothesis, and thus
fashion to analyze its reliability, calculate higher order c
rections, or predict in what way it will break down. A few
theoretical discussions do exist,9–11 the treatment by Lumley
in particular offering corrections to measured spatial gra
ents due to non-negligible velocity fluctuations.10 An inter-
esting direction has recently been taken by Hayot a
Jayaprakash for the Burgers equation.12 Still a general theo-
retical framework is lacking.

There have been many experimental studies of Tayl
hypothesis, all in three-dimensional~3-D! turbulence; a brief
overview is given in Sec. II. Here we present experime
performed on the quasi-two-dimensional flow of a soap fi

a!Present address: Department of Mathematics, Pennsylvania State U
sity, University Park, Pennsylvania 16802.
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Two-dimensional~2-D! fluid flows occur in many physica
situations, mostly due to the effects of rotation or stratific
tion in the atmosphere and ocean.13 Turbulence in two di-
mensions~2D! is different from 3D in several ways, largel
due to the absence of vortex stretching in 2D.14 Although
Taylor’s hypothesis is also important for the study of 2
turbulence, to our knowledge it has never been tested.

It may be helpful at this point to discuss the current vie
of 2D and 3D turbulence. Unlike three dimensions, the v

ticity vectorvW in 2D must be perpendicular to thex,y plane
of the flow.5,14 From the 2D Navier–Stokes equation it fo
lows that vorticity cannot be amplified by a velocity grad
ent, and can only be attenuated by viscous damping. In
inviscid limit, the enstrophyV5 1

2^v
2& becomes a constan

of the motion, in addition to the kinetic energyK5 1
2^v2& as

in 3D ~the angular brackets designate an appropriate a
age!. Thus in 2-D turbulence two cascades are expecte
direct cascade of enstrophy to smaller scales, and aninverse
cascade of energy to larger scales;15,17 for decaying 2-D tur-
bulence the inverse cascade is absent.14,16 In 3-D turbulence
there is only an energy cascade from large to small sca
which is related to vorticity amplification via vortex stretch
ing, and which depends on the ratee at which kinetic energy
is injected at large scales. In 2D, the energy injected a
scaler in j will be transferred to larger scales and dissipated
the boundaries of the system.14 For scalesr ,r inj down to the
dissipative scales, the small-scale velocity fluctuatio
^udv(r )u&, which carry little of the energy, are expected
depend on the enstrophy injection rateb[]V/]t.14 This
process is nonlocal ink-space.17

It seems reasonable to expect the absence of vo
stretching in 2D to increase the likelihood of a fluctuati
being transported intact to a downstream point. It also se
that lateral mixing effects, which would introduce or remo
other fluctuations into the flow path somewhere along
distanceDx5U0Dt, would be a less likely occurrence in 2D
than in 3D. In both instances one would expect Taylo
hypothesisdv(Dx)5dv(U0Dt) to do relatively better in 2D
than in 3D. However, it is difficult to estimate the role o
spectral nonlocality of the cascades in 2D as compared

er-
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3D, and thus no clear conclusion can be made.
Our experiment uses a laser Doppler velocimeter~LDV !

with two probes to nonintrusively examine Taylor’s hypot
esis in a turbulent soap film. Along with the standard sta
tical use of this hypothesis, we will consider the coherence
the velocity field as it is advected downstream,18–23 i.e., that
v(x,t) is nearly identical tov(x1Dx,t1(Dx/U0)), where
U0 is the mean velocity andDx the distance between th
points.1 For a clear illustration of this, glance ahead to Fig.
We will refer to this second equivalence between spatial
ferences and temporal differences as thecoherence hypoth
esis.

This coherence hypothesis is unquestionably an appr
mation and must fail asDx becomes large; here we quanti
this failure, and relate it to the predictability problem f
turbulent flows. We measure the breakdown of the cohere
hypothesis via the correlation between two points in
flow, displaced in both position and time. We find neverth
less that the expectation value of the lowest six moment
the longitudinal velocity difference is unaffected by this lo
of coherence.

II. PREVIOUS STUDIES OF TAYLOR’S HYPOTHESIS

Taylor’s hypothesis has been exposed to many exp
mental tests in three-dimensional turbulence, and we do
intend to give an exhaustive survey here. These experime
studies can be divided into two broad categories, concer
with either correlations over finite distances18–23or local spa-
tial derivatives used in turbulent dissipation estimates.24–27It
has long been appreciated that the validity of Taylor’s froz
turbulence assumption requires the smallness of the turbu
intensity I t , defined as the ratio of rms velocity fluctuation
to the mean flow speedU0. Additionally, the mean shear rat
and the viscous damping must be small in the range of s
tial scalesDx being probed. In this section we give a sam
pling of the sort of work which has been done in 3D; a mo
detailed discussion of studies with which we directly co
pare our results is given in Sec. V. The reader is referre
introductory reviews in two recent articles,26,27 which are
somewhat complementary to what is given here.

To test Taylor’s hypothesis for velocity correlations ov
finite distances, one approach is to compare measurem
made at a single observation point with measurements m
at points displaced downstream. The first such tests w
made in a wind tunnel by Favre, Gaviglio, and Dumas.18,19

The measurements were performed within the turbu
boundary layer of a plate at variousI t up to 15%. They found
that Taylor’s hypothesis is valid for measurements of
velocity correlation function R(Dx,t)5^v1(x1 ,t)v2(x1

1Dx,t2t)& made not too close to the plate. Fisher a
Davies20 made careful measurements of the velocity corre
tion functionR(Dx,t) in a jet. They found that the relatio
t5Dx/U0 was not well satisfied in the mixing region, whe
I t is typically ; 20%. These authors observed, as have m
others, that the functional form ofR changes with increasing
Dx, and that this function is not very sharply peaked, a
would be if the coherence hypothesis were satisfied. Com
Bellot and Corrsin22 measuredR(Dx,t) for grid-generated
-
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turbulence in a wind tunnel, where bothI t and the mean
shear rates are rather small. Though downstream de
causes the maximum value ofR vs t to decrease with in-
creasingDx, the correlation functions could still be collapse
onto the same functional form.

One of the fundamental effects of turbulence is its e
hancement of dissipation, the measurement of which requ
knowledge of spatial derivatives. Using Taylor’s hypothe
allows the time derivative of a single point measurement
be related to spatial derivatives, the simplest relation be
]f/]t5U0(]f/]x), wheref could be a passive scalar con
centration, temperature, a velocity component, or a prod
of velocity components. Kailasneth, Sreenivasan, a
Saylor25 studied a variety of turbulent systems and tes
Taylor’s hypothesis using a fluorescent dye in a jet,
heated wake of a cylinder, and the atmospheric bound
layer. They were interested in the probability density fun
tion of these scalars, and found that Taylor’s hypothe
worked well for conditional probability densities of the sc
lar fluctuations. Mi and Antonia26 used a heated jet of air
with a turbulent intensity of about 26%, to verify differen
theoretical relations between spatial and temporal derivat
of temperature, corrected for finite turbulent intensitie
Dahm and Southerland27 compared 2-D spatial and spatio
temporal gradient fields of fluorescent dye in a water jet
ing a fast photodiode array. They found that the cohere
hypothesis was only approximately verified for these fiel
Piomelli, Balint, and Wallace24 studied Taylor’s hypothesis
for various velocity derivatives and compared hot wire me
surements, large eddy simulations, and direct numer
simulations of the Navier–Stokes equation for wall-bound
flows. Taylor’s hypothesis was found to be in accord w
the calculations and measurements made sufficiently
from the wall, where the mean shear is not excessive. In
experiments we have not treated the application of Taylo
hypothesis to gradients.

All hot wire measurements are sufficiently intrusive th
one must compensate or otherwise adjust for the pertu
tions produced by the wake of the upstream probe on
velocity measured at the downstream probe. Cened
et al.23 avoided this problem by making velocity measur
ments with a Laser Doppler system. Only for smallDx did
their correlation measurements satisfy Taylor’s hypothe
very well, though admittedlyI t was rather high~13%!. We
discuss their results in more detail in Sec. V.

In the present experiment, Laser Doppler velocimetry
also used to measure velocity correlations, so that there i
downstream perturbation. Unlike the studies discus
above, however, we examine Taylor’s hypothesis in a qu
2-D system: a flowing soap film.

III. EXPERIMENTAL SETUP

The use of soap films as convenient systems for the
perimental study of 2-D hydrodynamics began with the p
neering work of Couder and coworkers28–30 and Gharib and
Derango.31 Our measurements are performed using a flow
soap film apparatus developed at the University of Pittsbu
by Kellay, Wu, and Goldburg,32 and Rutgers, Wu, and
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837Phys. Fluids, Vol. 12, No. 4, April 2000 Experimental study of Taylor’s hypothesis in a turbulent soap film
Goldburg;33,34 we are using the latest version of this syste
built by Rutgers. In our setup, a thin soap film severalmm
thick is allowed to fall between two taut plastic wires fro
an upper reservoir into a lower one, see Fig. 1. The chan
width is W56.2 cm over a distance of 120 cm, where t
measurements are performed. Quasi-two-dimensional tu
lence is generated behind a comb~tooth diameter 1 mm and
spacingM5 3.8 mm! which perforates the film at a fixe
height. The typical transit time between the comb and low
reservoir is about one second.

The turbulence generated in such a soap film dec
downstream from the grid, exhibiting many aspects wh
agree with theories of 2-D turbulence,29–32,35,36though there
are also some differences. It therefore seems worthwhil
evaluate the experimental situation to date. Because the
eral dimensions of soap films are many orders of magnit
larger than their thickness, there would seem to be no do
that the vorticity can indeed be regarded as a scalar quan
so that vortex stretching is absent.5 This would be a key
requirement for the occurrence of two-dimensional turb
lence in soap films. In addition, to be able to compare w
theoretical and numerical results concerning incompress
turbulence, the two-dimensional compressibility of the fi
should be zero. This condition is clearly not fully met, sin
fluctuations in filmthicknessare visible to the eye throug
optical interference of light reflected from the front and ba

FIG. 1. A diagram of the experimental setup:~a! upper soap reservoir;~b!
hooks which hold plastic wires between which soap film flows;~c! comb
behind which turbulence is generated in the film;~d! lower soap reservoir.
The two LDV probes which measure the velocity in the film are labele
and 2. Downstream distances are labeled as referred to in the text.
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faces of the film.30,31,36 There are, however, recent expe
ments in which the two-dimensional divergenceD2[¹2

•v(x,y) was measured by particle imaging velocimetery37

In a setup very similar to ours,D2 was measured to be 10
15% of the rms vorticity near the comb. Note also that b
cause the velocity of peristaltic waves is orders of magnitu
larger than the velocity fluctuations,30 the film may be re-
garded as incompressible from the point of view of th
study.

Another mitigating factor to the two-dimensionality o
soap film flow is the friction between the film and the su
rounding air. In experiments which placed the film in a pa
tial vacuum~0.03 atm!,35 it was found that the energy spec
trum E(k) decayed for a decade ink as E(k)}k2z, with
z53.360.3. This exponent had the same value both unde
partial vacuum and at atmospheric pressure, the main e
of removing the air being to increase the magnitude ofE(k)
near the comb.35 These measurements also showed that
total kinetic energy initially decayed downstream, but ul
mately leveled off at some distance from the comb, which
expected theoretically for 2-D turbulence at very high Re
nolds numbers.16 If the leveling-off distance is calledx* and
the corresponding timet* 5x* /U0, then all measurement
reported in this paper were made at values oft,t* , i.e., at
distances too close to the comb for the leveling-off to
observable.

In the experimental measurements of decaying tur
lence in a soap film, only the enstrophy cascade is obser
i.e., the inverse energy cascade@E(k);k25/3# is not, in
agreement with theory.14,16 Recently an experiment was pe
formed by Rutgers in which turbulence was forced by
array of teeth parallel to the direction of flow.36 There both
the inverse energy cascade (k25/3) and the enstrophy cascad
(k23) are observed. In our opinion this experiment is t
most complete laboratory realization of 2-D turbulence
realized.

Another well-studied quasi-2-D experimental system
the surface of a stratified salt solution layer which sits abo
an array of magnets, and is forced electromagnetically b
time-varying current. This system was first developed
Tabelinget al.,38 and has been used to study 2-D mixing
Williams, Marteau, and Gollub,39 and for 2-D turbulence by
Paret, Tabeling, and coworkers.40–42 The two main differ-
ences between this system and ours is the viscous dampi
the bottom of the sublayer, and the local injection of ene
which depends on the pattern of the magnetic array and
pulsed current.39,42 However, unlike soap film turbulence
thickness variations probably do not play a role in the la
ered system, though surface waves may be involved in d
ing the flow.41 In contrast to the majority of the soap turbu
lence experiments, these stratified layer experiments h
only observed the inverse energy cascade wherek25/3, which
may be related to the bottom damping.43 In relation to the
study presented here, the thin layer experiments do not
Taylor’s hypothesis, nor is it possible as there is no app
ciable mean flow. The global electromagnetic forcing allo
for a steady state to be achieved, from which statistical
semble and spatial averages are obtained by imaging the
on the surface.40,42

1
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We use a commercial LDV system44 to measure velocity
fluctuations in the film.45,46The soap solution~water and 2%
commercial detergent by volume! is seeded with 1mm poly-
styrene spheres at a volume fraction of about 1024, and the
data rate ranges from 1 to 8 kHz. At a distancex58 cm
below the comb, the mean and rms velocities were typic
U05 180 cm/s andv rms[^v82&1/2524 cm/s in the longitu-
dinal ~streamwise! direction, wherev8[v2U0. The turbu-
lent intensity in these experiments wasI t.0.14. This is the
quantity which is assumed in Taylor’s hypothesis to
small,1,9 and we have explicitly chosen for our study a val
of I t which is not very small. The Reynolds number for t
channel is ReW[U0W/n.11,000, and for the comb ReM

[U0M /n.700. The viscosity of a flowing soap film is not
well established quantity; here we usen50.1 cm2/s as mea-
sured in a 2-D Couette viscometer by Martin and Wu.47 De-
viations from two-dimensionality caused by air friction34 ap-
pear not to affect the turbulence for the scales of inte
here.35

In order to test Taylor’s hypothesis, two LDV heads a
used at spatially separated points. Figure 1 shows the
rangement, with the downward~flow! direction defined as
thex direction. One head~labeled ‘‘LDV 1’’ ! is kept fixed at
x158 cm below the comb, while a second head~‘‘LDV 2’’ !
is placed at various points ranging fromx254 to 30 cm
below the comb. The two probes are horizontally aligned
that the lower probe measures the same part of the flow
the upper one, with a delay given by the transit time betw
them.

Because the LDV only measures velocity when there
scatterer in its measuring volume, the two probes do no
general measure velocity simultaneously. Therefore so
binning or ‘‘simultaneity window’’Dt is needed to perform
statistical comparisons: two measurements are treated a
multaneous if they occur withinDt of one another. Here we
use binning windows fromDt525 ms to 200 ms, corre-
sponding to frequencies 1/Dt from 5 to 40 kHz, which are
higher than the largest observed frequency in the velo
power spectrum. All measurements reported here are in
sitive to small changes inDt.

One of the difficulties in examining the validity of Tay
lor’s hypothesis in decaying turbulence is that the ‘‘sm
parameter’’I t is not constant, but decreases downstream
the turbulence decays. In Fig. 2~a! we plot our turbulent in-
tensity as a function of distance from the comb. Thus,
though we measure the correlation of velocity fluctuatio
relative to x158 cm, whereI t.0.14, theactual turbulent
intensity affecting the velocity field downstream is alwa
less than 0.14, thus tending toimprovethe correlation. This
would seem to significantly complicate the matter.

How does the turbulence decay in our system? A st
dard result from 3-D decaying grid turbulence is that t
inverse square of the turbulent intensity depends on the
tance from the grid asI t

225A(x/M2B)b, where the dimen-
sionless constants are typically found to beA;130 – 150
and B;3 – 20 for b51,48 or A;20 and B;3.5 for b
51.25;22 note thatB is the effective position of the origin fo
this scaling in units ofM. Assuming thatb51.25 means tha
I t

21.6 should be a linear function ofx/M ; however, we find
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that by takingI t
21.1 we get the best linear plot versusx/M , as

shown in Fig. 2~b!. The line corresponds to

1

I t
2

50.2S x

M D 1.8

,

with B50 for our fit, which means that the virtual origin i
located at the position of the grid itself. As discussed abo
we do not measure far enough downstream to see evid
of the kinetic energy saturation (I t;const!.35

IV. RESULTS

A. Testing the coherence hypothesis

Figure 3 shows the velocity fluctuations measured
two probes withDx50.5 cm. For this small separation, Tay
lor’s hypothesis is clearly a good estimate: the two veloc
traces are nearly identical except for a small shift in tim
which should correspond to the transit time across the sp
separationDx. To test whether the velocity trace is translat
spatially without evolving dynamically, we measure th
cross-correlationC12(t,Dx,x1) between the two probes:

C12~t,Dx,x1![
^v1~x1 ,t !v2~x11Dx,t2t!&

v1rms3v2rms
. ~1!

Herev1(x1 ,t) andv2(x2 ,t) are the two velocities measure
by the probes,v i rms are the rms velocity fluctuations,Dx
[x22x1, and the bracketŝ & denote a time average. Not
thatC12 is a function not only of delay timet and separation

FIG. 2. The decay of the turbulent intensityI t behind the comb in our soap
film: ~a! I t versus downstream distancex; ~b! the same data plotted asI t

21.1

vs x/M . The straight line is a linear fit~see the text!.
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839Phys. Fluids, Vol. 12, No. 4, April 2000 Experimental study of Taylor’s hypothesis in a turbulent soap film
Dx, but also of the absolute location of the first probex1.
Whereas the functional dependence onDx includes the de-
cay of the turbulence, the dependence onx1 denotes the ori-
gin from which this decay is measured. Varyingx1 would
permit the study of the similarity of turbulent decay at va
ous points downstream. In this study we fixx158 cm, and
characterize the turbulence relative to this point.

Figure 4 showsC12(t,Dx) vs t for several different
separationsDx. As expected, there is a well-defined max
mum correlation,

C12
MAX ~Dx![C12~tMAX ,Dx!,

at a particular value of the delay timetMAX(Dx). Taylor’s
coherence hypothesis requires thatC12

MAX(Dx) be close to 1,
andtMAX(Dx) be equal to the transit timeDx/U0. Figure 5
showstMAX as a function ofDx/U0, in agreement with the
line drawn for tMAX 5Dx/U0.49 As predicted by Taylor’s
hypothesis, the slope of this line is unity. The small dev
tions are due to errors in our measurement ofDx.

In Fig. 6 we plot the maximum correlationC12
MAX(Dx).

As one would expect, the correlation decreases asDx in-
creases, though we have not found any simple functio
form to fit to this decrease, nor is there to our knowledge a
predicted form. The loss of correlation is due to the dynam

FIG. 3. Simultaneous traces of the velocity versus time atx15 8.0 cm and
x25 8.5 cm behind the comb.

FIG. 4. The cross correlationC12(t,Dx) versus delay timet for several
different values ofDx ~as labeled!.
-

al
y
c

evolution of the velocity fluctuations and sets a limit to Ta
lor’s hypothesis, which we quantify by defining an ‘‘evolu
tion length’’ de as the separation for which the correlatio
drops to 50%. For our experiment we findde.7 cm, corre-
sponding to an evolution timete5de /U0.40 ms. This
length is much larger than the relevant lengths of the tur
lent velocity field, as we discuss in the next section. N
that the decrease in the relative turbulent intensity asDx
increases is adjusted for in the definition ofC12, which is
normalized by the velocity fluctuations at both points. Ho
ever, we cannot completely discount the possibility that t
decay affects the decorrelation itself, in addition to chang
the size of the fluctuations as measured byI t in Fig. 2~a!.

B. Testing Taylor’s hypothesis

The statistical study of turbulence is framed in terms
velocity correlation functions, structure functions, and e
ergy spectra; here we focus on the structure function. T
longitudinal velocity difference between two points sep
rated by a distancer is written as

dv~r ,t ![~v„x11r ,t !2v„x1 ,t))• r̂ ,

where the unit vectorr̂ is in the downward direction of the
flow. Thenth order structure function is defined as

FIG. 5. The delay timetMAX for the maximum of the cross correlations i
Fig. 4 versus the transit timeDx/U0. The solid line corresponds totMAX

5Dx/U0.

FIG. 6. The maximum value of the cross correlations in Fig. 4,C12
MAX versus

the downstream separationDx. The arrow shows the evolution lengthde

.7 cm ~see the text!.
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Sn~r ![^„dv~r ,t !…n&.

In Fig. 7 we show the structure functionsS2(r ), S4(r ), and
S6(r ), calculated from single point velocity measureme
(105 to 106 data points! using Taylor’s hypothesis:r
5U0t ~solid circles!. We also plot direct spatial measur
ments of these structure functions made using two pro
~open squares!. This is a direct confirmation of Taylor’s sta
tistical hypothesis, which is one of the central results of o
study. Note thatS2(r ) shows a scaling region of about

FIG. 7. Experimental check of Taylor’s hypothesis for~a! second order
structure functionS2(r ) taken atx5 8 cm using Taylor’s hypothesis;~b!
fourth order structure functionS4(r ); ~c! sixth order structure function
S6(r ). The open squares are direct spatial measurements made usin
probes, and the lines correspond to the fitted scalings described in the
s

es

r

decade whereS2(r )}r 1.660.2, in good agreement with othe
experiments on turbulent soap films.50,37 We also find ap-
proximately that S4(r )}r 2.960.3 and S6(r )}r 4.060.3, as
shown in the figure. The third momentS3(r ) has been
treated in detail elsewhere.50

For r . 1 cm, the Sn(r ) saturate to constant value
which for S2(r ) is equal to 2v rms

2 . This occurs roughly at the
integral or outer scale,2 which characterizes the largest scal
on which the velocity is correlated. The integral scalel 0 is
defined as

l 0[E
0

`

b~r !dr/v rms
2 , ~2!

whereb(r ) is the velocity correlation function:

b~r ![^v8~x,t !v8~x1r ,t !&5v rms
2 2 1

2 S2~r !.

At x158 cm we findl 050.6 cm, which is much less tha
the evolution lengthde57 cm. Thus for the turbulence in
our soap film, Taylor’s hypothesis is justified: the two si
nals are correlated better than 90% for scalesr , l 0 ~see Figs.
6 and 7!.

Some comment should be made on the observed va
of the exponents for the structure functionsSn(r ), which asn
increases become further fromSn(r )}r n, the theoretical ex-
pectation for the 2-D enstrophy cascade.16,15It is well known
that in 3-D turbulence the scaling law exponents of thenth
order structure functions deviate from their expected value
n/3 asn gets large,3 and this systematic difference is attrib
uted to the intermittency of the fluctuations.5 In our case it is
difficult to draw a conclusion merely from the measureme
of scaling over one decade, though the measured expon
are clearly different from the predicted scaling. If these e
ponents are confirmed for 2-D decaying turbulence in s
films, they would indicate stronger intermittency correctio
to scaling in 2D than in 3D. Some evidence of intermitten
indicated by non-Gaussian velocity fluctuations, has b
previously reported in soap film turbulence,50 and this is sup-
ported by recent numerical simulations of decaying 2-D t
bulence in a channel similar to ours.51

C. Detailed study of the velocity decorrelation

There are in general two reasons for the breakdown
Taylor’s hypothesis: the entrance of new structures into
line of travel, introducing new fluctuations into the signa
and the evolution of the velocity field itself. In Fig. 8 w
show an overlay of the velocity measured atx158.0 cm vs
t, and the velocity measured atx2510.0 cm vs t
2tMAX (Dx52 cm!. For a perfect correlation (C12

MAX 51)
the two curves would fall on top of each other. The arro
indicate fluctuations which have either appeared or dis
peared during the transit time between the two probes
effect this means that information is being generated,
this ‘‘new information’’ contributes to the velocity decorre
lation ~Fig. 5!.

To explore the details of this process, we measure
coherence spectrumCs( f ) of the fluctuations atx1 andx2.52

If the coherence hypothesis were justified, thenv1

[v(x1 ,t) would be identical tov2[v(x2 ,t2tMAX). If

two
xt.
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v̂1( f ) is the complex Fourier transform ofv1, then the stan-
dard power spectrum isPs1( f )5^v̂1( f ) v̂1* ( f )&, wherev̂* is
the complex conjugate ofv̂. The coherence spectrum is

Cs~ f ![
1

2

^v̂1~ f !v̂2* ~ f !1 v̂1* ~ f !v̂2~ f !&

APs1~ f !3Ps2~ f !
, ~3!

normalized so thatCs51.0 for frequencies where the tw
time series are coherent. A measurement ofCs( f ) with in-
creasing probe separation shows which modes in the tu
lent spectrum persist longer and which evolve faster.

Consider first the velocity power spectrum at a sin
point, shown as the thin line in Fig. 9. This spectrum, a
cording to the standard picture of 2-D decayi
turbulence,15,16 should have a power law dependencePs( f )
; f 2a in the enstrophy cascade range, witha53. In an ear-
lier soap film experiment,35 this exponent was found to b
measurably larger than 3; here we finda53.660.2.53 We
compare this to the coherence spectrum, which we expe
be nearly equal to 1.0 for small separations. The cohere
spectrum forDx50.2 cm is also shown in Fig. 9~thick
line!. We see thatCs( f ) is indeed close to unity over most o
the frequency range in which the power spectrum appe

FIG. 8. Overlay of the velocity measured atx15 8.0 cm versust, and the
velocity measured atx1510.0 cmversust2tMAX . The arrows indicate
fluctuation spikes which have either appeared or disappeared during
transit between the two probes.

FIG. 9. A comparison of the coherence spectrum@Eq. ~3!# for Dx50.2 cm,
and the power spectrum taken atx158 cm. The line is a fit to the power law
Ps1( f ); f 2a with a53.660.2.
u-

-

to
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However, the coherence drops belowCs;0.9 atf ;300 Hz,
around the middle of the range wherePs( f ); f 2a, and for
f ;850 Hz, where the power spectrum is reaching the no
floor in our measurement,Cs;0.2. Thus already atDx5 0.2
cm it appears that the high frequency components are
most rapidly evolving, although for the 2D enstrophy ca
cade it is expected that the ‘‘eddy turnover time’’ is indepe
dent of size.14 This decrease inCs( f ) may indicate viscous
dissipation effects.

Figure 10 shows theCs( f ) at five increasing separation
Dx. In each case we see decorrelation at higher frequen
~smaller scales!, while the low frequency part remains con
stant, and decreases asDx increases. This constant correl
tion is approximately equal toC12

MAX(Dx), which means that
the overall velocity coherence is determined mainly by
low frequency components. The high frequency decorre
tion moves to lower frequencies asDx increases. To see
whether the whole shape of theCs( f ) follows the decay of
C12

MAX(Dx), we normalize the coherence spectra
Cs( f )/C12

MAX in Fig. 11. The curves do not lie entirely on to
of each other, indicating that the cutoff at high frequenc
follows a different evolution thanC12

MAX . The cutoff shape is

he

FIG. 10. Coherence spectra for several values ofDx as a linear-log plot
of f.

FIG. 11. Coherence spectra as in Fig. 10 normalized by the maximum c
correlationC12

MAX from Fig. 6. The straight lines through the high frequen
part of the coherence spectra corresponds toCs( f ); log(1/f ).
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well described asCs( f ); log(1/f ), shown as the straigh
lines drawn through the data. This advancing cutoff is re
niscent of the loss of predictability in the spectra of atm
spheric turbulence simulations.14,54

At larger separations (Dx.12 cm!, we find that the
spectral cutoff does not change withDx. In Fig. 12 we su-
perpose the coherence spectra forDx from 12 to 22 cm,
normalized byC12

MAX(Dx). The curves lie reasonably on to
of each other, which means that the entire coherence s
trum follows the overall decrease ofC12

MAX . By taking the
intersection of the logarithmic fit with the lineCs( f )
5C12

MAX(Dx) in Figs. 11 and 12, we use the frequencyf d of
the intersection to characterize the position of the spec
cutoff.14 We plot this frequency in Fig. 13. Up toDx.12
cm, the advance off d to lower frequencies is consistent wit
the scalingf d;Dx21/2, which is slower than that seen fo
wave number cutoff in 2-D numerical simulations of atm
spheric predictability.14,54 For Dx.12 cm, f d reaches a con
stant value of about 30 Hz, corresponding to a length o
cm, which is the size of our system~the channel widthW
56 cm!.

The loss of coherence in the velocity field is clearly d
to its downstream development broadly defined, includ
both turbulent evolution and energy decay. We do not
lieve that the observed correlation loss is due to the deca
I t , because of the way we have normalizedC12 as discussed
above, though it cannot be excluded entirely. Note that
decrease ofI t can be reduced by carrying out the entire e
periment in a partial vacuum, though no change is then s
in the scaling form ofE(k) except at very smallk.35

D. Turbulent predictability and the coherence
hypothesis

The breakdown of the coherence hypothesis in our
periment is closely related to the question of predictability
2-D turbulence.54–56 The general study of predictability in
turbulence~see, e.g., Refs. 14, 57, 58! is of particular impor-
tance to the weather prediction problem.59 Here we briefly
show how our analysis parallels this general framewo
Note that here we are comparing a developing turbulent
locity with its initial state, whereas studies of predictabili

FIG. 12. Coherence spectra for several large values ofDx as a linear-log
plot of f, normalized by the maximum cross correlationC12

MAX from Fig. 6.
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treat the diverging evolution of two nearly identical initia
states. Nonetheless there are several similarities betwee
two.

Following Métais and Lesieur, we first define the tim
series of thevelocity difference, or error time series,54 which
for our experiment is written as

Dv~Dx,t ![v1~x1 ,t !2v2~x11Dx,t2tMAX !. ~4!

For a perfectly correlated signal this time series would
identically zero. We define the difference energyDE(Dx)
5^(Dv(Dx,t))2&, which is the second moment ofDv and
thus a kinetic energy associated with the difference serie
is analogous to the error energy in predictability studies54,60.
In Fig. 14 we plot a dimensionlessDE, namely,

r~Dx![
DE~Dx!

v1rms
2 1v2rms

2
, ~5!

as a function of the transit timeDx/U0. The functionr is
defined to increase from 0 to 1 asDx increases, and acts as
sort of distance function between the two velocity time h
tories. By comparing Eqs.~1! and ~5!, one sees thatr and
C12 are simply related.

FIG. 13. The frequency scalef d of the logarithmic decayCs( f ); log(1/f )
~lines in Fig. 11! versusDx. The straight line represents the scalingf d

;Dx21/2.

FIG. 14. The normalized error energyr(Dx/U0) as a function of time
Dx/U0 past the reference pointx1, shown as a log-linear plot. The arrow
indicates the timeTe as defined in the text. Inset: an expanded view near
origin.
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The inset to Fig. 14 shows an enlargement ofr(Dx/U0)
nearDx/U050. There is no clear linear dependence, in
cating an exponential error increase. The exponential e
growth in the study of turbulent predictability is used to d
fine a sort of Lyapunov exponent,61 with the error energy as
the metric for the distance between co-evolving turbul
states. The data shown in Fig. 14 are in fact better descr
by a power lawr;(Dx/U0)1/2, as shown in Fig. 15. This
apparent square root dependence should be interpreted
as a power law dependence: the actual value of the expo
depends on the choice of metric function, Eq.~5!. Since an
exponential growth of the error energy depends on the
earization of an underlying equation forr, Fig. 15 may in-
dicate the presence of higher order terms, similar to the q
dratic saturation term used by Lorenz to fit error growth in
iterated map.62

The predictability time Tp is a standard measure of th
time beyond which the state of a turbulent system canno
projected.54,58 The exact value ofTp is somewhat arbitrary
though it is usually much larger than the large scale e
turnover time for the turbulent flow.54 We characterize the
long time growth ofr(t) by quantifying how long the ve-
locity v2 remains similar tov1. The predictability time used
by Métais and Lesieur was defined byr(Tp)50.5;54 we de-
fine a similar timeTe such thatr(Te)50.5, and find that
Te.25 ms. This is of the same order as our decorrelat
time te.40 ms given byC12

MAX ~Fig. 6!, which is not sur-
prising given that the two functions are related.

V. DISCUSSION

A. Comparison with 3-D measurements

How do our measurements compare to similar exp
mental studies of 3-D decaying turbulence? Of the six st
ies which to our knowledge provide information compara
to Fig. 618–23 we will examine three in detail.21–23 Two of
these studies used hot wire anemometry,21,22 and thus addi-
tional techniques were required to compensate for the w
of the upstream probe. Champagneet al.21 used a ‘‘grid’’
made of 12 parallel channels~spacingM 852.54 cm! in a
wind tunnel with a mean speed of 12 m/s, and ReM8

FIG. 15. A log–log plot ofr(Dx/U0) as a function of downstream time
Dx/U0. The straight line corresponds to a power law depende
(Dx/U0)1/2 ~see the text!.
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521,000. Cross correlation measurements started
x15 259 cm, whereI t.0.018 andl 0.4.2 cm. Comte-
Bellot and Corrsin22 made measurements behind a stand
grid (M55.08 cm! in a wind tunnel with ReM5 34,000.
The two hot-wire cross correlation measurements were m
starting atx15210 cm, whereI t.0.022 andl 0.1.1 cm.
Cenedeseet al.23 used a nonintrusive laser Doppler anemo
eter similar to our LDV~see Ref. 46!, but did not use a
standard grid: the turbulence was produced by a combina
of a honeycomb and the channel walls. Their measurem
were made in a water channel~height h52 cm! starting at
x15 14 cm, whereI t.0.13 andl 0.1.0 cm. Their Rey-
nolds numbers were also significantly lower (Rh

54,800).
Are there any differences between Taylor’s hypothe

in our approximately two-dimensional soap film and in the
3D experiments? We address this question by show
C12

MAX(Dx) from these three studies in Fig. 16 along with o
measurements, plottingDx in units of the integral scalel 0.
We expect the decorrelation to occur more slowly in the so
film due to the absense of vortex stretching, and as the
bulent intensity in our experiment is high (I t50.14) com-
pared to the two wind tunnel experiments (I t;0.02), our
data should be directly compared only to that of Cened
et al. (I t50.13). Inthis case the correlation in the film ex
tends to much larger values ofDx/ l 0 than in the 3-D experi-
ment. Note thatC12

MAX from the wind tunnel experiments als
extends to much larger values ofDx/ l 0 than the data of
Cenedeseet al., probably due to the fact that their turbule
intensities are much lower. More definitive conclusio
would come from a single experiment~in 2D or 3D! which
measuresC12

MAX(Dx) for several differentI t .

B. Detailed shape of the cross correlation C12„t…

As of yet there is no rigorous underpinning to Taylor
hypothesis which would allow for the calculation of high
order corrections to velocity correlations, though an intrig
ing suggestion was implemented in Ref. 63. To provide
tailed information for some future theory, we focus on t
shape of the cross correlation functionC12(t,Dx) around
tMAX . This shape is by definition@Eq. ~1!# the average con-

e

FIG. 16. A replot ofC12
MAX from Fig. 6 as a function of probe separationDx

normalized by the integral scalel 0. Also shown for comparison are 3-D
results from Refs. 21, 22, and 23.
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volution of a velocity fluctuation taken with itself a tim
tMAX later. In Fig. 17 we show as an exampleC12(t) for
Dx54 cm, along with a Gaussian distribution centered
tMAX . We find that the shape is always nearly Gauss
with a slight skewness aroundtMAX consistently towards the
positive. The width of the Gaussian does not broaden asDx
increases, though the maximum does decrease as show
Fig. 18. Thus the development of the cross correlation can
be treated as a diffusion-like process, for which the wid
would increase as the maximum decreases. The small p
tive skewness is also not strongly dependent onDx.

VI. CONCLUSION

We have presented an investigation of Taylor’s hypo
esis for decaying turbulence in a quasi-2-D experimental s
tem, a flowing soap film. We have shown that for the low
order structure functions the hypothesis is a valid assu
tion, even when the actual cross correlation between the
probes is low. As the relevant length scale of this decorre
tion is much larger than the integral scale of the turbule
(de@ l 0), this phenomenon is outside the region usually c

FIG. 17. Gaussian fit to the shape ofC12(t) at Dx54 cm.

FIG. 18. An overlay of severalC12(t) at variousDx ~as shown!, plotted
versust2tMAX .
n
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sidered by most studies: it is the turbulence beyond the s
ing range. Information on the loss of correlation betwe
velocities measured at upstream and downstream points,
the dependence of this effect on the dimensionality of
system, may shed light on other problems in turbulence.
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