ENUMERATIVE PROOFS OF CERTAIN ¢-IDENTITIES

by GEORGE E. ANDREWS
(Received 20 October, 1965)

1. Introduction. Many g-identities have been proved combinatorially. For example,
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Combinatorial proofs of (1.1), (1.2), and (1.3) are either given or indicated in Hardy and
Wright [4; Ch. XIX]. (1.4) has been proved combinatorially by Sylvester [8; pp. 34-36],
Cheema [2; p. 415], and Wright [10]; Professor Wright also informs me that C. Sudler has a
combinatorial proof of (1.4).

The main object of this paper is to give partition-theoretic proofs of other famous g-
identities, In particular, in §2 we shall prove that
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(1.5) dates back to Euler [3; p. 223], and in fact (1.2) and (1.3) are special cases of (1.5).

(1.6) is the fundamental transformation of basic hypergeometric series given by Heine
[S; p. 106].
In §4, we briefly indicate enumerative proofs of several other lesser known identities.

2, Proof of (1.5). In this section we shall be concerned with the following type of parti-
tions, namely,
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In the remainder of this section, we shall abbreviate our notation for such partitions to
a...a,1b,...b,.
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Let n,(n,m;N) denote the number of partitions of N given in (2.1) subject to the further
restrictions that a, = n, a, > b,, and ¢ is either m or m~1.

Let n5(n, m;N) denote the number of partitions of N given in (2.1) subject only to the
further restrictions that t =m, s+t =n.

Now
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Thus, defining 7,(0,0;0) = 7,(0,0:0) = 1, we must show that

7, (n,m; N) = =y (n,m; N)
in order to establish (1.5).

Suppose @, ...a, | by...b, is a partition of N enumerated by =,(n,m;N). Then b}
rearranging terms we may form an ordinary partition of N of the form fc, +...+f,¢c,, When
¢ <... < ¢ =n(f; denotes the number of times ¢, occurs in the partition). We now not
that there may be several partitions enumerated by =,(n,m;N) that yield upon rearrange
ment the same ordinary partition fycy+...+/c,. In fact all we peed do is pick either m o
m—1 distinct parts from among the ¢’s (excluding ¢,) to form the »'s with the remainder form

ing the a’s. Thus there are
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partitions enumerated by ,(n, m; N) that correspond to the ordinary partition fie,+...+fit
(¢, <...<c,=n)

Now, by considering conjugate partitions, we see that there is a one-to-one correspon-
dence between ordinary partitions of the form fi ¢, +...+£¢ (¢, <... <¢, = n) and ordinary
partitions of the form fjel +...+fjc; (fi+...+f(=n).

Suppose that a) ...a,[b{...b} is a partition of N enumerated by n,(n,m; N). Then by
rearranging terms we may form an ordinary partition of N of the form fic{+...+fc;
(fi+...+f, =n). As above, several partitions epumerated by n,(n,m;N) may yield the
same ordinary partition. Now to form a partition enumerated by n,(n, m;N) from the given
ordinary partition, we need only choose m distinct parts from among the c's to form the 5’s;
the remaining summands make up the a’s. Thus, in this case as well, there are

r

m
partitions enumerated by n,(n, m; N) that correspond to the ordinary partition f j¢{+...+f,c}
(withey <...<¢, fi+...+f1=n).

Consequently we have n,(n,m; N) = nty(n, m; N).
To illustrate, we enumerate all cases forn =4, m =2, N =9. Column I gives the parti-
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tions enumerated by n,(4,2;9). Column II gives the related ordinary partitions. Column
III gives the ordinary partitions conjugate to those of Column II. Column IV gives the
corresponding partitions enumerated by n,(4,2;9).

I II I v

441 441 22 2R
1341 2|41
1143 4311 221 {2421
14| 31 1242
11241 11]52
111412y 42111 5211 {12151
11421 15121

111141 411111 6111 11161

22411 14|31
124 2 4221 4311 1341

24121 1143
34| 2 3321
4|32 432 3321 23131
2413 13132

Thus #,(4,2;9) = n,(4,2;9) = 14,
3. Proof of (1.6). We shall now consider partitions of N of the form
P r L] w
N= Z a;+ E th+ Z bj'[" Z Cpy (3.1)
iI=1 h=1 i=1 k=1
where 2; <...<a, t; £...8t, b, £...8b, ¢;>...>¢,. In the remainder of this
section, we shall abbreviate our notation for such partitions to
ay.@plty it | by by lcy ..

Denote by n(M,, M;, M, M,; N) the number of partitions given by (3.1) subject to the
further restrictions that a, S M,~1, p is either M, or M—1, t,=M,, s=M;—M,,
b12M2+1 W= M4,C ZM2+1

Now, if
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we see that (1.6) may be rewritten as
F(a,1,8,y) = F(y, 8,7, %).
Thus, defiaing =(0,0,0,0;0) = I, we must show that
a(My, Mz, My, M3 N} = (M4, My, My, M5 N).
Suppose that we are given a partition of N enumerated by n({M,, M,, M,, M,;N); as in
§2, we may by rearrangement of terms form an ordinary partition of N of the form
Siev oot fiatfoargi b a8

ey <...<eg=My, e < gy <...<Gy far1t..+f1ay=M;). We now search for the
number of ways that our ordinary partition may be rearranged into a partition enumerated by
n(My, M;, My, My; N). We sec that to get the g’s we must choose either M, or M, —1
distinct terms from among the ¢’s (excluding e,); the remaining summands among the e’s
form the t’s. There are thus

d-1 N d-1\ (d

M 1 M 1 - l - M 1
ways of getting the ¢’s and #'s. Now we get the ¢’s by choosing M, distinct parts from among
the g’s; the remaining ferms from among the g’s form the 's. There are thus

()

ways of getting the »'s and ¢’s. Hence there are

(o) o)

ways of getting a partition enumerated by =n(M,, M,, M3, M,; N) from our given ordinary
partition.

By considering conjugate partitions, we see that there is a one-to-one correspondence
between ordinary partitions of N of the form

fiestoo At finigrt oo Ffae
(81 < .. < 852M2, ed_ < 91 <S nog <gm}§+1+...+f;+'=Ms) and those of the form
flei+ .. tfie+ i+ feva0s

(e; <...<e=Mye <g{<...<gyfuis1+eictfysa= M)
Thus, by the above reasoning, there are

(32t

partitions enumerated by n(M,, M;, M,, M,;N) that correspond to the conjugate of the
ordinary partition considered earlier. Hence

“(MDMJ.:M&M#;N) = R(Mdh Mas Mz-MﬁN)-
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To illustrate, we enumerate all cases for M, =3, M,=4, My=3, M,=2, N=25.
Column I gives the partitions enumerated by n(3,4,3,2;25). Column II gives the related
-ordinary partitions. Column III gives the ordinary partitions conjugate to those of Column
II. Column IV gives the corresponding partitions enumerated by 7(2, 3,4, 3;25).

I 1 1 v
2314|5165 655432 665431 11316654
12124]5|65 6554221 764431 1134|764
12(114]5|65 65542111 854431 1134854
1214|7]65 1234|654
124]5| 76} 65421 el [ 034654
1241675 2113|4654
121415185 855421 65443111  1]11314]654
13]14]5(65 6554311 755431 1135|754
131416165 665431 655432 - 2|3|5]|654
13|4|5[75 755431 6554311  1]13]5]654
12114]6]65 6654211 754432 2134754
12114|5(75 7554211 7544311 1] 13|4]754

Thus n(2,3,4,3;25) ==(3,4,3,2,23) = 12.

4. Further identities. We shall deduce several identities from two combinatorial lemamas.

Lemma 1. Let P, () (@ =0,1;b = 0, 1) denote the number of partitions of n into distinct
positive parts such that the number of parts is congruent to a (mod 2) and the largest part is
congruent to b(mod 2). Let Q,4n) (a=0,1;b=0,1) denote the number of partitions of n
into distinct non-negative parts such that the number of parts is congruent to a (mod 2) and the
largest part is congruent to b (mod 2). Then

P y(n)+ Py u(n) = Qou(n) = Q1 4(n).

Proof. Since Py ;(n)+ Py 5(n) enumerates the number of partitions of # into distinct parts
with largest part congruent to b (mod 2), add a zero to each partition enumerated by P, ,(n)
and then the partitions enumerated are simply the partitions of » into an even number of
non-negative parts with largest part congruent to b (mod 2); add a zero to each partition
enumerated by P, ,(n) and then the partitions enumerated are simply the partitions of # into an
odd number of non-negative parts with largest part congruent to b (mod 2).

Since

Qo,o(m)+Qo,1(n) = Q4 o(M) +Q 1(n) = Py o(n) + Py (n)+ Py o(n)+ Py 4(m),
we deduce that

¢}

Z qn(ln—l) 3 i qn(zmq-x) B ﬁ . ; »
..=o(1—Q)---(1—q2“)_,.=o(1—~q)...(1-q2"‘1)_ (+g). (4.1)

i=1

Since

Qo,0(n) — Qo,1(1) = Q@ o(m) = Q1 ,1(n) = Py o(m)+ Py o(n) — Py 1(n)— Py (),
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we deduce that
2_% qn{Zn-l} =i qn(ZH—l) =§ (_l)nq'}n(n-i*l)
mo(14@) ... (144" So(149) ... (144" So(1+g)...(1+g)"
Since

Q0,1 (M) = Qo,0(M)+2(Po o(n)+ Py o(n)) = Q1,0(n) = Q4,1 (1) +2(Py, (n)+ Py ,(n))
= Py o(n)+ Po 1(m)+ Py o(n}+ Py i (n),
we deduce that

® gD = e s
2) Q L(I4g* "
Zaroargn 0T e U

L qn(2n+1) w0 a2 o
= 2) (1+4)...(1+g*g™*! = 1+g7).

Since

Qo,1(1)+Qy,0o{1) — Qo o(n) = @y 1(n) =0,
we deduce that
) gt 1)

L a+p >

Since
Qo.M+ Q0,1 (M) =01 ,0(n)—Qy,1(n) = 0,
we deduce that
<« (_l)nqin(n— 1)

X

Sol=g)...(l-q)

(4.2)

(4.3)

(4.4)

(4.3)

We remark that (4.1) was originally proved by L. J. Slater [7; equations (84) and (85)];

(4.2) and (4.4) appear in [1], and (4.5) is a special case of (1.2).

LemMa 2, Let a(n) denote the number of partitions of n with unique smallest part and
largest part at most twice the smallest part. Let b(n) denote the number of partitions of n in
which the largest part is odd and the smallest part is larger than half the largest part. Then

a(n) = b(n),

Proof. In Figure 1, we give a graphical representation of a typical partition of »

enumerated by b(n).

atp‘-rl
-~
mii m o
. -
- e Y o Y
L ] » L ] * [ ] a » » [ 3
» L ] - L ] I- - »



ENUMERATIVE PROOFS OF CERTAIN ¢-IDENTITIES 39

We translate the set of nodes on the right of the vertical bar to a position directly
below those nodes appearing on the left of the vertical bar. Our new graph is now pictured in
Figure 2.

Fic.2

Reading the graph in Figure 2 vertically, we see that now we have a partition of n which
is of the type enumerated by a(n). Clearly the process is reversible, and hence for every n,

a(n) = b(n).
Now
@ , - q'"
an = ,
nz:o e mgo(l—q'”l)...(l—-qz'")
i © g2t
and bing" =1+ .
ll;o ( )q mzo(]_—q’"+1)__-(1_q2m+1)
Consequently,
el q- o g
=1+ - a,
mgo(l—qm"'l)...(l—-.qz’”) mgo(l—q”'“)...(l—qz"‘“) (4.6)

This identity was stated by Ramanujan in his last letter to Hardy [6; p. 354] and was later
proved by Watson [9; p. 278].
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